DUALITY FOR ABELIAN ANDERSON 
T-MOTIVES, AND RELATED PROBLEMS 



D. LOGACHEV 



Abstract. Let M be an abelian Anderson T-motive. We introduce the notion of 
duality for M. Main results of the paper (we consider uniformizable M over Fq[T] 
of rank r, dimension n, whose nilpotent operator A'' is 0): 

1. Algebraic duality implies analytic duality (Theorem 5). Explicitly, this means 
that the lattice of the dual of M is the dual of the lattice of M . 

2. Let n = r — 1. There is a 1 - 1 correspondence between pure T-motives (all 
they are uniformizable), and lattices of rank r in having dual (Corollary 8.1.4). 

3. Let r = 2n. We consider the lattice map in a neighbourhood of a T-motive 
Mo which is the n-th power of the Carlitz module of rank 2. We prove that this 
map is surjective, and its fibre is discrete infinite (Proposition 8.2.3). To get locally 
a 1 — 1 correspondence between T-motives and lattices, we introduce a notion of 
C-lattice which is a pair: {a lattice + a fixed class of its bases} (Definition 8.2.1). 
Open problem: what is an analog of these results for the case (r, n) = 1? 

4. Pure T-motives have duals which are pure T-motives as well (Theorem 10.3). 

5. Eor a self-dual uniformizable M a polarization form on its lattice L{M) is 
defined. For some M this form is skew symmetric like in the number field case, but 
for some other M it is symmetric. An example is given. 

6. We define Hodge filtration of cohomology and for the above self-dual M we 
formulate Hodge conjecture in codimension 1 (Section 9). 

7. Some explicit results are proved for M having complete multiplication. The 
CM-type of the dual of M is the complement of the CM-type of M. Moreover, for 
M having multiplication by a division algebra there exists a simple formula for the 
CM-type of the dual of M (Section 12). 

8. We construct a class of non-pure T-motives (T-motives having the completely 
non-pure row echelon form) for which duals are explicitly calculated (Theorem 11.5). 
This is the first step of the problem of description of all abelian T-motives having 
duals. 
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0. Introduction. 

Main results of the paper are given in the abstract. A more detailed list is the 
following. For simplicity, most results are proved for the ring A = Fg[T]. The 
main definition of duality of abelian T-motives (definition 1.8 — case A = ^q[T] 
and definition 1.13 — general case) is given in Section 1. Section 2 contains the 
definition of the dual lattice. For the reader's convenience, we give in Section 
3 explicit formulas for the dual lattice (this section can be skipped at the first 
reading). Section 5 contains the statement and the proof of the main theorem 5 
— coincidence of algebraic and analytic duality for the case A = Fg [T] (section 4 
contains the statement of the corresponding conjecture for the case of general A). 
Section 6 contains the theorem 6.2 describing the lattice of the tensor product of 
two abelian T-motives (case N = 0; the proof for the general case was obtained, 
but not published, by Anderson). Section 7 contains the notion of polarization 
form, including example 7.7 of an abelian T- motive having symmetric polarization 
form. We discuss in Section 8 the problem of correspondence between uniformizable 
abelian T-motives and lattices. We define in Section 9 the notion of Hodge filtration, 
and we state the Hodge conjecture in codimension 1. 

Remaining parts of the paper are of secondary importance, they are independent 
of the main results and between themselves. Lemma 1.10 gives the explicit matrix 
form of the definition of duality of abelian T-motives. Since Taguchi in [T] gave 
a definition of dual to a Drinfeld module, we prove in Proposition 1.12.3 that the 
definition of the present paper is equivalent to the original definition of Taguchi. 
Section 1.14 contains a definition of duality for abelian r-sheaves ([BH], Definition 
2.1), but we do not develop this subject. We prove in Section 10 that pure T-motives 
have duals which are pure T-motives as well, and some related results (a proof that 
the dual of an abelian r-sheaf is also an abelian r-sheaf can be obtained using ideas 
of Section 10). In Section 11 we consider T-motives having the completely non-pure 
row echelon form, and we give an explicit formula for their duals. In Section 12 we 
consider abelian T-motives with complete multiplication, and we give for them a 
very simple version of the proof of the first part of the main theorem. Section 13 
contains some explicit formulas for abelian T-motives of complete multiplication. 
In 13.1 we describe the dual lattice, in 13.2 we show that the results of Section 12 
are compatible with (the first form of) the main theorem of complete multiplication. 
Section 13.3 contains an explicit proof of the main theorem for abelian T-motives 
with complete multiplication by two types of simplest fields. Section 13.4 gives 
us an application of the notion of duality to the reduction of abelian T-motives 
(subject in development, see [L2]). 

Notations. 

g is a power of p; 

Coo is the completion of the algebraic closure of Fq((l/^)) 
(it is the function field analog of C); 

For the case A = ¥q[T] we denote K = Fq(T), = Fg((T-i)); 
For the general case K is a finite separable field extension of Fg(T), 
oo is a fixed valuation of K over the infinity of ¥q{T); 
A G K is the subring of elements which are regular outside oo; 

is the completion of at oo; 
<- : A — >■ Coo {''{T) — 9) is the standard map of generic characteristic; 
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Kc = K®C^,Ac = A® Coo- 

Mr is the set of r x r matrices. If C e M^(Coo[T]) or C e MriCooiT)) is a 
matrix then C* is its transposed, C^~^ = (C*)~^, C*^*^ is obtained by raising of all 
coefficients of polynomials or rational functions, which are entries of C, in q^-ih 
power, and C^*) = {C^^)'^ . 

o : Coo ^ Coo the Frobenius automorphism of Coo, i-e. a{z) = z^. 

We extend cr to Kc, resp. Ac by the formula (Tk(/c ® z) = k ® (j{z), z G Coo, 
k E K, resp. k e A. 

If M is a Kc-module, resp. Ac-module, we define M^^^ as the tensor product 
M ®Kc,o -^C) resp. M „ Ac (this notation is concordant with the above 
notation we consider M ^ M^^') as a functor; if M is free Coo module and 
Q! : M ^ M is a map whose matrix in some basis {m*} is C, then the matrix of 
q;(i) : m(i) ^ M(i) in the base {m* 1} is C^^)). 

C is a Drinfeld module of rank 1 over A (particularly, if A= Fg[T] then € is the 
Carlitz module). 

For an abelian T-motive M we denote by i? = E{M) the corresponding T- 
module (see [G], Theorem 5.4.11; Goss uses the inverse functor E M — M[E)), 
and Lie (M) is Lie {E{M)) ([G], 5.4). 

Er is the unit matrix of size r. 

1. Definitions. 

Case A = Fq[T]. Let Coo[r, r] be the standard ring of non-commutative poly- 
nomials used in the definition of T- motives for the case A= Fq[T], i.e. for a e Coo 

Ta = aT, Tt = tT, ra = (1.1) 

We need also an extension of Coo [T, r] — the ring Coo (T) [r] which is the ring of 
non-commutative polynomials in r over the field of rational functions Coo [T) with 
the same relations (1.1). For a left CoofT", T]-module M we denote by Mc^jj-j the 
same M treated as a Coo [T]-module with respect to the natural inclusion Coo [T] ^ 
Coo[T,t]. Analogously, we define Mc^[t-]; we shall use similar notations also for 
the left Coo (T)[T]-modules. 

Obviously we have: 

(1.2) For C e M^(Coo(T)) operations C\ C'^ and C^^ commute. 

Definition 1.3. ([G], 5.4.2, 5.4.12, 5.4.10). An abelian T-motive M is a left 
Coofr, r] -module which is free and finitely generated as both Coo[T']-, Coo [t] -module 
and such that 

3m = m(M) such that (T - ^)"'M/tM = (1.3.1) 

Abelian T-motives are main objects of the present paper. If we affirm that an 
object exists this means that it exists as an abelian T-motive if otherwise is not 
stated. We denote dimension of M over Coo[t] (resp. Coo[r]) by n (resp. r), these 
numbers are called dimension and rank of M. Morphisms of abelian T-motives are 
morphisms of left Coo\T, rj-modules. 

To define a left Coo [7", rj-module M is the same as to define a left Coo [T"] -module 
Mc^[T] endowed by an action of r satisfying T{Pm) — P^^^T{m), P G CoofT"]. 
In this situation we can also treate r as a Coo[T']-linear map M^i) ^ M. This 
interpretation is necessary if we consider the general case A D [T] . 
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We need two categories which are larger than the category of abehan T-motives. 

Definition 1.4. A pre-T- motive is a left Coo [T", t] -module which is free and 
finitely generated as Coo[T']-niodule, and satisfies (1.3.1). 

Definition 1.5. A rational pre-T-motive is a left Coo(T')[t] -module which is 
free and finitely generated as Cqo (T)-module. 

Remark 1.6. An analog of (1.3.1) does not exist for them. 

There is an obvious functor from the category of abelian T-motives to the cat- 
egory of pre-T-motives which is fully faithful, and an obvious functor from the 
category of pre-T-motives to the category of rational pre-T-motives. We denote 
these functors by zi, 12 respectively. It is easy to see (Remark 10.2.3) that if M is 
a pre-T-motive then the action of r on i2{M) is invertible. 

Let M, N be rational pre-T-motives such that the action of r on Mc^(t) is 
invertible. 

Definition 1.7. Hom(M, A^) is a rational pre-T-motive such that 

Hom(M,Ar)c^(T) = Homc<^(T)(Mc^(T),Arc^(r)) 
and the action of r is defined by the usual manner: ior cp : M ^ N, m e M 

{Tip){m) = T{ip{T-^{m))) 

Definition 1.8. Let M be an abelian T-motive and ^ a positive number. An 
abehan T-motive M' = M'^ is called the /x-dual of M (dual if = 1) if M' = 
Hom(M, C®^) as a rational pre-T-motive, i.e. 

12 o zi(M') = Hom(z2 o ii{M), C®'^) (1.8.1) 

Remark. This definition generalizes the original one of Taguchi ([T], Section 
5), see 1.12 below. 

1.9. We shall need the explicit matrix description of the above objects. Let 
e* = (ei,...en)* be the vector column of elements of a basis of M over Coo[t]. 
There exists a matrix A e M„(Coo[''"]) such that 

I 

Te* = Ae^, A = J^^^^' ^^^^^ ^» ^ ^^(Coo) (1-9.1) 

i=0 

Condition (1.3.1) is equivalent to the condition 

Ao^eEn + N (1.9.2) 

where A" is a nilpotent matrix, and the condition m(M) = 1 is equivalent to the 
condition A = 0. 

Let = (/i, /j.)* be the vector column of elements of a basis of M over 
Coo[T]. There exists a matrix Q = Q{f*) e M^(Coo[r]) such that 



t/* — Qf* 
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(1.9.3) 



Lemma 1.10. Let M be as above. An abelian T-motive M' is the /i-dual of 
M iff there exists a basis = {f[T--f!rY of M' over Coolr] such that its matrix 
Q' = Q{fi) satisfies 

Q' = {T-eYQ^-^ (1.10.1) 

□ 

1.10.2. For further applications we shall need the following lemma. The above 
/*, fl are the dual bases (i.e. if we consider as elements of Hom(M, £) then 
flifj) ~ ^jf where f is the only element of a Coo [r] -basis of ^Ca^lT] (we have 
rf — [T — 0)f). Let 7 be an endomorphism of M, D its matrix in the basis /* (i.e. 
7(/*) = -D/*) cind 7' the dual endomorphism. 

Lemma 1.10.3. The matrix of 7' in the basis is D*. □ 

Remark 1.11.1. For any M having dual there exists a canonical homomorphism 
5 : £ — > M (8) M'. This is a well-known theorem of linear algebra. Really, in the 
above notations we have f i-)- fiXf![. It is obvious that 5 is well-defined, canonical 
and compatible with the action of r. 

Remark 1.11.2. The /i-dual of M — if it exists — is unique, i.e. does not 

depend on base change. This follows immediately from Definition 1.8, but can be 
deduced easily from 1.10.1. Really, let = {gi, ...grY be another basis of M over 
Coo [7"] and C e GLj.{Coo[T]) the matrix of base change (i.e. g^ — Cf^). Then 
Q{g^) = C^^)QC-^. Let gi = (^1,...^;)* be a basis of M' over Coo[T] satisfying 
g'^ = C*~^f'^. Elementary calculation shows that matrices Q{g*), Q{gi) satisfy 
(1.10.1). 

Remark 1.11.3. The operation M i-> M'^ is obviously contravariant functorial. 

I leave as an exercise to the reader to give an exact definition of the corresponding 
category such that the functor of duality is defined on it, and is involutivc (recall 
that not all abelian T-motives have duals, and the dual of a map of abelian T- 
motives is a priori a map of rational pre- T-motives) . 

1.12. The original definition of duality ([T], Definition 4.1; Theorem 5.1) from 
the first sight seems to be more restrictive than the definition 1.8 of the present 
paper, but really they are equivalent. We recall some notations and definitions of [T] 
in a slightly less general setting (rough statements; see [T] for the exact statements). 
Let G be a finite affinc group scheme over Coo, i-e. G = Spec R where is a finite- 
dimensional Coc-algcbra. Let fi : R R (E) R he the comultiplication of R. Such 
group G is called a finite t;-niodule ([T], Definition 3.1) if there is a homomorphism 
7/; : A — >■ Endgr. sch.{^) satisfying some natural conditions (for example, an analog 
of 1.3.1). Further, let Sq be a Coo-subspace of R defined as follows: 

Eg = {x e R \ ii{x) = x(S>l + l<S>x} 

The map x x'^ is a Coo-linear map fr : Sq^ — >• So- Further, the map ip{T) : G 
G can be defined on Sq. Let v : Sq ^ be a map satisfying fr^j ov = ipiT) — 9. 

We consider two finite f-modules G, i?, the above objects fr, v etc. will carry 
the respective subscript. Let * be the dual in the meaning of linear algebra. 

5 



Definition 1.12.1 ([T], 4.1). Two finite v-modules G, H are called dual if there 
exists an isomorphism a : — )■ Sq such that if we denote by f : Eg ^ ^ map 
which enters in the commutative diagram 



c* 


fr* 




a 4, 






Sg 


^ 





then we have: 

frGOt) = VG(r)-^ (1.12.2) 

i.e. = vg- 

Let M be an abelian T-motive having m{M) — 1, E = E{M) the corresponding 
T-module and a e A. We denote Ea — the set of a-torsion elements of E — by- 
Ma. It is a finite v- module. 

Proposition 1.12.3. Let M, M' be abelian T- motives which are dual in the 
meaning of Definition 1.8. Then Va e A we have: Ma, are dual in the meaning 
of [T], Definition 4.1. 

Proof. Condition a e Fq[T] implies that multiplication by r is well-defined on 
M/aM. 

Lemma 1.12.3.1. We have canonical isomorphisms i : M/aM — >■ SMai ^^"^^ • 
M/aM ^ such that the following diagrams are commutative: 

M/aM M/aM M/aM M/aM 

Proof. Let be a ring such that Spec R = Ma- The pairing between M and E 
shows that there exists a map M ^ R which is obviously factorized via an inclusion 
M/aM — > R. It is easy to see that the image of this inclusion is contained in £^Ma, 
i.e. we get i. Since dimc^{M /aM) = dega • r(M) and dimc^(-R) = q-dega-r(M) 
wc get from [T], Definition 1.3 that i is an isomorphism. Other statements of the 
lemma are obvious. □ 

This lemma means that we can rewrite Definition 1.12.1 for the case G = Ma, 
H — Na by the following way: 

1.12.3.2. Two finite f-modules Ma, Na are dual if there exists an isomorphism 
a : (N/aN)* M/aM such that after identification via a of r* : (N/aN)* 
(N/aN)* with a map t) : M/aM M/aM we have on M/aM: 

Tot> = T-d (1.12.3.3) 

We need a 
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Lemma 1.12.3.4. For i = 1, 2 let ATj be a free Coo [7"] -module of dimension 

r with a base fi^, = (/ii, /ir), let (pi : Ni ^ Ni be Coo [T]-linear maps having 
matrices 0.i in /^h. such that 02 = ^i, and let a be as above. Let, further, „ : 
Ni/aNi — )■ Ni/aNi be the natural quotient of ipi. Then there exist Coo-bases /j* of 
Ni/aNi such that the matrix of ipi^a in the base /i* is transposed to the matrix of 
ip2,a in the base /2*. 

Proof. We can identify elements of N2 with Coo [T]-linear forms on A^i (notation: 
for X & N2 the corresponding form is denoted by Xx) such that Xtfi2ix) = Xx ° <fii- 
Any Coo [7"] -linear form x on defines a Coo[7']/aCoo[T']-linear form on Ni/aNi 
which is denoted by Xa- Let now x G N2/aN2, x its lift on N2, then Xx,a = {Xx)a 
is a well-defined Coo [r]/aCoo[r] -linear form on Ni/aNi. For x e N2/aN2 we have 

Xip2,aix),a ~ Xx,a ° ^l,a 

Further, let A : Coo[r] — ^ Coo be a Coo-hnear map such that 

1.12.3.5. Its kernel does not contain any non-zero ideal of Coo[T]/aCoo[T]. 

(such A obviously exist.) For x e N2/aN2 we denote A o Xx,a by V'x, it is a Coo- 
linear form on Coo-vector space Ni/aNi. Obviously condition (1.12.3.5) implies 
that the map x i/jx is an isomorphism from N2/aN2 to the space of Coo-hnear 
forms on Coo-vector space Ni/aNi, and we have 

which is equivalent to the statement of the lemma. □ 

Finally, the proposition follows immediately from this lemma multiplied by T — ^, 
formula 1.10.1 and 1.12.3.2. □ 

Remark. Let a = X]i=o5'*-^^ 9^ ^ ^9' 5''= ^ ^- Taguchi ([T], proof of 5.1 (iv)) 
uses the following A: \{T^) = for j < /c — 1, X{T'^~^) = 1. It is easy to check that 
for X = {T' + T'-^gk-i + T'-^gk-2 + ...+gk-i)f2j for this A we have: MT'fij) = 1, 
MT^'fir) = for other i', f. 

1.13. Case of arbitrary A. An Anderson T-motive over A is defined for 
example in [BH], p.l. Let us reproduce this definition for the case of characteristic 
0. Let J be an ideal of Ac generated by the elements a ® 1 — 1 L{a) for all a G A. 
The ring Ac[t] is defined by the formula r • (a 2) = (a (8) z'^) • r, a G A, ^ G Coo- 

Definition 1.13.1. An Anderson T-motive M over A is a pair (M, r) where 
M is a locally free Ac-module and r is a Ac-linear map M^^^ M satisfying the 
following analog of 1.3.1, 1.9.2: 

3m such that J'^iM /t{M^'^^)) = (1.13.2) 

Remark 1.13.3. We can consider M as a Acfrj-module using the following 
formula for the product r • m: 

T • m = r{m (g) 1) 

where m e M, m(^l e M^'^\ 

7 



The rank of M as a locally free Ac-module is called the rank of the corresponding 
T-motive {M,t). If A = Fq[T] then M*^^) is isomorphic to M, we can consider M 
as a Coo [7", r] -module, and it is possible to show that in this case 1.13.2 implies 
that Mc^[t-] is a free Coo[T]-niodule. In the general case, the dimension n of (M, r) 
is defined as dimc^ (M/t(M(i))). 

Let us fix C = (£, T<r) — an Anderson T-motive of rank 1 over A. For an Anderson 
T-motive M = (M, tm) an Anderson T-motive M'^ — the C!:-dual of M — is defined 
as follows. We put = Hom^^(M, C). Since for any locally free A^-modules 
Ml, M2 we have 

HomA^ (Ml, M2)(^) = Hom^^ {m[^\ M^'^) 
we can define t(M^) by the following formula: 

For (f e HomA^(M, C)'^^^ we have t(M^)((/p) = tc o o Tj^^ 

1.14. Duality for abelian r-sheaves. We use notations of [BH], Definition 2.1 
if they do not differ from the notations of the present paper; otherwise we continue 
to use notations of the present paper (for example, d (resp. a*(X) for any object 
X) of [BH] is n (resp. X*^^-*) of the present paper). For any abelian r-sheaf T we 
denote its Ilj, Tj by n^(^), rj(£) respectively. If M, N are invertible sheaves on 
X and p : M ^ N a rational map then we denote by p*"^^ : N ^ M the rational 
map which is inverse to p with respect to the composition. We define Tt,i-i(£) 

(■^\ inv 

(the rational Tj) as the composition map Ti-i{T) o n)_j^ (£), it is a rational map 
from J'ji^^ to J-'i. 

Let O be a fixed abelian r-sheaf having r = n = 1. The O-dual abelian r-sheaf 
Z^' = Z^'q is defined by the formulas 

J-^ = Homx(J-o,e'o) 

where Hom is the sheaf's one, and the map Tr,-i(^') : Zq^^^ — )■ Zq is defined as 
follows. We have J"^^^^ = Homx(J'o^^\ C'o^^^). Let 7 G Romx{Zo^^\ Oo^^^){U) 
where U is a sufficiently small affine subset of Xc^, such that 7 : J-'o^^\U) 

1.14.1. We define: [[tc,-i(jF')]([/)](7) is the following composition map: 

Tq{U) — )■ '{U) '{U) Oq{U) e Homx(^o,C'o)(f/) 

Clearly that this definition and the definitions 1.8, 1.13 are compatible with the 
forgetting functor M(^) from abelian r-sheaves to pure Anderson T-motives of 

[BH], Section 3, page 8. 

2. Analytic and algebraic duality. 

We shall consider until the end of the Section 9 only the case of M having N = Q 
(exception: statement of some results of Anderson). In the present section we 
consider the case of arbitrary A D lFq[T]. We denote by A the image t(A) C Cqo- 
Condition N = implies that an element a e A acts on Lie (M) by multiplication 
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by i{a). We have an inclusion A ■— )■ K^o, we prolonge l to the inclusion K^q ^ Cqo, 
and we denote the image ^(ii'oo) C Cqo by K^q as well. Hence, we have a 

Definition 2.1. Let V be the space C^. A locally free r-dimensional A- 

submodule L of V is called a lattice if 

(a) L generates y as a Coo-niodule and 

(b) The Xoo-linear envelope of L has dimension r over -ftToo- 

Numbers n, r are called the dimension and the rank of L respectively. Attached 

to (L, V) is the tautological inclusion ip = (p{L, V) : L ^ V. We shall consider 

the category of pairs {L,V); a map ijj : {L,V) — >■ (Li,Vi) is a Coo-linear map 

^|Jv '■ V ^ Vi such that i^viL) C Li. Inclusion </? can be extended to a map 

L (g) Coo y (which is surjective by 2.1 a), we denote it by <^ = <^(L, V^) as well. 
A 

We can also attach to (L, V) an exact sequence 

0^Kerv7^i^®Coo^^^0 (2.2) 
A 

Let X e C1(A) be a class of ideals; we shall use the same notation I to denote a 
representative in the i- image of this class. 

Definition 2.3. A structure of X-duality on (L, V) is a triple {D, L', V') where 

L' is a lattice in V\ we denote the inclusion L' ^ V' by <^'; and D is a structure 

of a perfect T-pairing <*,*>£> between L and L' . These objects must satisfy the 

below property 2.4. To formulate it we fix an isomorphism a : X(8)Coo — ^ Coo- The 

A 

X-pairing < *, * >£» induces (thanks to a fixed a) an isomorphism 7D : (L(H)Coo)* — >■ 

A 

L' ® Coo (here and below for any object W we denote W* = Homc,^ (W, Coo) )• 
A °° 

Property 2.4. There exists an isomorphism from (Ker (/p)* to V making the 
following diagram commutative: 

^ ^ (L®Coo)* ^ (Ker^)* ^ 

A 

i Id i i (2.5) 

^ Ker(^' ^ L'(8)Coo ^ ^' ^0 

A 

Clearly 2.4 does not depend on a choice of a, and it is equivalent to the following 
two conditions: 

2.6. dimF' = r — n; 

2.7. The composition map (p' o o (p* -.V* ^ V is 0. 
This is proved by elementary diagram search. 

Remark 2.8. Forgetting D in the triple {D, L' ,V') we get a notion of a dual 
pair. It is easy to see that the functor (L, V) i-)- (L', V') is well-defined on a 
subcategory (not all lattices have duals, see below) of the category of the pairs 
(L, V), it is contravariant and involutive, and L' is of dimension r — n and rank r. 
We need to define not only the dual pair {L',V') but also a structure of duality 
because of Theorem 5 where a canonical D naturally appears. 
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3. Explicit formulas. 

Here we consider the case A = Fq[T]. In this case C1(A) = 0, and X-dual is 
called simply dual. The coordinate description of the dual lattice is the following. 

Let ei, be a Fq[^]-basis of L such that v?(ei), <f{en) form a Coo-basis of V. 
Like in the theory of abelian varieties, we denote hj Z = (zij) the Siegel matrix 
whose lines are coordinates of ip{en+i), ^{er) in the basis </'(ei), (p{en), more 
exactly, the size of Z is (r — n) x n and 

n 

Vz = l,...,r-n ip{en+i) ^^Zij(f{ej) (3.1) 

Z defines L, we denote L by 2.{Z). 

Proposition 3.2. = £(— Z*), i.e. a Siegel matrix of the dual lattice is 

the minus transposed Siegel matrix. 

Proof. Follows immediately from the definitions. Really, let /i, be a basis 
of L' , we define the pairing by the formula 

<ei,fj>=6i (3.3) 

and the map (f' by the formula 

r—n 

\/i = 1, n (fi'ifi) = -Zji(fi'{fn+j) 
(minus transposed Siegel matrix). Ker (p is generated by elements 

n 

and Ker ip' is generated by elements 

r — n 

Wi = fi + Y Zjifn+j, i = 1, (3.4) 
i=i 

It is sufficient to check that Vz,j we have < Vi,Wj >= 0; this follows immediately 
from 3.3. □ 

Remark 3.5. L' exists not for all L. Trivial counterexample: case n = r = 1. 
To get another counterexamples, we use that for n — 1 (lattices of Drinfeld modules) 
a Siegel matrix is a column matrix Z — {zi ... Zr-i ) and 

£(Z) is not a lattice <J=> 1, zi, Zr-i are linearly dependent over Koo (3.6) 

while for n = r — 1 a Siegel matrix is a row matrix Z = { —zi ... —Zr-i ) and 

£(Z) is not a lattice Vz Zi e K^q (3.7) 
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Since condition (3.7) is strictly stronger than (3.6) we see that all lattices having 
n = 1, r > 1 have duals while not all lattices having n = r — l,r>2 have duals. 

It is clear that almost all matrices have duals. Here "almost all" has the same 
meaning that as "Almost all matrices Z are a Siegel matrice of a lattice", i.e. if we 
choose an (infinite) basis of Coo/-^oo5 then coordinates of the entries of Z in this 
basis must satisfy some polynomial relations in order that Z is not a Siegel matrice 
of a lattice. 

Remark 3.8. The coordinate proof of the theorem that the notion of the 
dual lattice is well-defined, is the following. Two Siegel matrices Z, Zi are called 
equivalent iff there exists an isomorphism of their pairs {S,{Z),V), {2{Zi),Vi). 
Like in the classical theory of modular forms, Z, Z\ are equivalent iff there exists 

a matrix 7 G GLj.(Fg[^]) = {A,B,C,D are the (n x n), (n x r — n), 

(r — n X n), (r — n x r — n)-blocks of 7 respectively; we shall call this block structire 
by the (n, r — n)-block structure) such that 

C + DZ = Zi{A + BZ) (3.8.1) 

Let Ai, Bi,Ci, Di be the (n, r — n)-block structure of the matrix The 
equality 

-Ci + A\Z^ = Zi\D{ - B{Z^) (3.8.2) 

shows that if Z, Z\ are equivalent then — Z*, —Z\ are equivalent. [Proof of (3.8.2): 
(3.8.1) implies Zi = (C + DZ){A + BZ)~^; substituting this value of Zi to the 
transposed (3.8.2), we get -Ci + ZAi = {Di - ZBi){C + DZ){A + BZ)'^, or 
(-Ci + ZA-i){A + BZ) = {Di - ZBi){C + DZ) . This formula follows immediately 
Ai BA (a B\ ^(En 
Ci Di) \C D ) \Q Er- 
Further, let a : (Li C C^) —?■ {L2 C C^) be a map of lattices. If L'^, L'2 
exist, then the map a' : {L'2 C C^"^) {L[ C C^"^) is defined by the following 
formulas. Let Z^ be the Siegel matrices of Lj in the bases Cji, •••ejr of Lj (i = 1, 2). 
Let us consider the matrix 971 = (m^j) G A4r{¥q[9]) of a in the bases en, ...e^^ (i.e. 
0({eii) — J2j '^ij^2j)- Let fill ...fir be the dual base of L'^ (see 3.3) and e^^^, •••e^^ 
another base of L'^ defined by 

^'ij = /i,i+n, 3 +^1 mod r (3.8.3) 

Formulas (3.8.3), (3.4) show that an analog of 3.1 is satisfied for both bases e^^, ...e^j., 
their Siegel matrices are — Z*. 
Let 

■9^11 97ti2\ 

9Jl22 ) 



from 



be the (n, r — n)-block structure of 971. The matrix of a' in the bases /a, ...fir is 
971*, and using the matrix 3.8.3 of change of base, we get that 971' — the matrix of 
a' in the bases e^^, ...e^^ — has the following (r — n, n)-block structure: 

an'=(^p ™P) (3.8.4) 
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The property that Wl comes from a Coo-hnear map — >■ imphes that DJl' 
comes from a Coc-hnear map C^"^ — ?> C^"^. This follows immediately from the 
definition of dual lattice, or can be easily checked algebraically. 

Remark 3.9. Taking 7 = ^ J ^1 ^ ^^^^ ^ equivalent to —Z, hence 

Z' is also a Sicgcl matrix of the dual lattice. 

4. Main conjecture for arbitrary A. 

The main result of the paper is the following Theorem 5 on coincidence of alge- 
braic and analytic pairing. We formulate it as a conjecture 4.1 for any A, but we 
prove it only for the case A = Fg[T]. Let M be a uniformizable abelian T-motive. 
Its lattice L(M) is really a lattice in the meaning of Definition 2.1, because [A], 
Corollary 3.3.6 (resp. [G], Lemma 5.9.12) means that it satisfies 2.1a (resp. 2.1b); 
recall that we consider the case = 0, i.e. the action of T on Lie (M) is simply 
multiplication by 9. Let us fix (like in 1.13) £ = (C, tc) — an Anderson T-motive 
of rank 1 over A, and let L{€) be its lattice. It is an A-module (we identify A and 
A via l). 0, = Cl{A) is also an A-module, hence the notion of the L{€) il-duality 
exists. 

Conjecture 4.1. Let M be a uniformizable abelian T-motive such that its 
dual M' exists. Then M' is uniformizable, and there exists a canonical structure 
of perfect L((r) ® O- duality between (L(M), Lie (M)) and (L(M'), Lie (M')). 

Remark 4.2. It is possible to generalize the above conjecture to the case of 
non-uniformazible M, M' . The pairing is defined between Hom^^j^j(M, Zi) and 
IIom^^j^j(M', Zi) (see (5.2.1a) for the definition of Zi), or, the same, between Ma 
and for any a e A (see 5.1.2). 

5. Main theorem for A = Fg[T]. 

Theorem 5.^ Let A = Fq[T], and M a uniformizable abelian T-motive such 
that its dual M' exists. Then M' is uniformizable, and there exists a canonical 
structure of perfect duality between (L(M), Lie (M)) and (L(M'), Lie (M')). 

Corollary 5.1.1. If A = Fq[T] then a Siegel matrix of M' is the minus trans- 
posed of a Siegel matrix of M. 

In the section 8 below we give a corollary of this theorem and some conjectures 
related to the problem of 1 - 1 correspondence between T-motives and lattices. 

The proof of Theorem 5 consists of two steps. We formulate and prove Step 1 
for the case of arbitrary A. 

Step 1. For the above M, M' we have: 

(A) Uniformizability of M implies uniformizability of M' . 

(B) There exists a canonical A-linear perfect L(£)(8)n-pairing < *, * >m between 
L(M) and L{M'). It is functorial. 

Remark 5.1.2. Practically, (B) comes from [T], Theorem 4.3 (case A = Fq[T]). 
Really, to define a pairing between L(M) and L(M') it is sufficient to define (con- 
cordant) pairings between L{M)/aL{M) and L{M')/aL{M') for any a e A. Since 



-"^The proof of this theorem was inspired by a result of Anderson, see Section 6 for details. 
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Ma := E{M)a = L{M)/aL{M) and because of Proposition 1.12.3 which affirms 
that Ma and M'^ are Taguchi-dual, we see that [T], Theorem 4.3 gives exactly the 
desired pairing. 

We give two versions of the proof of Step 1: the first one — for the general case 
of arbitrary A and the second one — for the case A = Fg[T] — is based on explicit 
calculations, it is used for the proof of Step 2. 

5.2. Proof: Step 1, Version 1. Here we consider the general case of arbitrary 
A. Let Q, = r2(A/Fq) be the module of differential forms; we can consider it as 
an element of C1(A). We use formulas and notations of [G], Section 5.9 modifying 
them to the case of arbitrary K. For example, A (resp. K) of [G], 5.9.16 is A 
(resp. Koo) of the present paper (recall that K (resp. K[T, r]) of [G] is Coo (resp. 
Ac[t], see 1.13) of the present paper). Hence, we denote K{T} of [G], Definition 
5.9.10 by Coo{T}. For the general case it must be replaced by a ring Zq defined by 
the formula 

Zo:=A ® Coo{T} (5.2.1) 

Zq is a Ac[T]-module, i.e. r acts on Zq, and Zq — A. 

Zi for the present case is defined by the same formula [G], 5.9.22. Explicitly, 

Zi := Hom^'^*(Koo/A, Coo) (5.2.1a) 

It is a locally free Zo-module of dimension 1 (the module structure is compatible 
with the action of r; see [G], p. 168, lines 3-4 for the case A = Fg[T]). We have: 
Zl is a Zg-module ( = A-module) which is isomorphic to ^(A) (see the last lines 
of the proof of [G], Corollary 5.9.35 for the case A = Fq[T]), and Zi is isomorphic 
to Zq ®a n(A). 

We shall consider M as a Acfrj-module, like in 1.13.3. We denote M{T} := 
M (g) Zo ( = [G], Definition 5.9.11.1 for the case A = ¥q[T]) and H'^{M) := M{Ty 
Ac 

like in [G], Definition 5.9.11.2. Analogous to [G], Corollary 5.9.25 we get that for 
the present case 

HomA^[^](M,Zi) = H,{M) = L{M) 
{Hi(M) = Hi{E) of [G], 5.9). Paricularly, for M = £ we have 

L(C) = HomA^j^j(e:, Zl) 

Lemma 5.2.2. Hi{M') = H^{M) ® L{€). 

A 

Proof. By definition, Rom j^^{M' , Zi) = HomA^(HomA^(M, C), Zi). Fur- 
ther, 

HomA (HomA (M, £), Zi) = (M Zq) (g) (Hom a (£,Zi)) (5.2.3) 

Ac ^0 

(an equality of linear algebra). In order to show that we can consider r-invariant 
subspaces, we need the following objects. Let I be an ideal of A, /Aq — IZq. It 
is clear that M.q = I. Further, let A4i be a locally free Zo-module. We have a 
formula: 

{Mo ® MiY = Ml^Ml (5.2.4) 
Zo A 
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Really, Mo ® Mi = I Mi, and 



{IMiY = IMl (5.2.5) 

where this formula is true by the following reason. Obviously (IMiY ^ I Ml- Let 
J be an ideal of A such that IJ is a principal ideal. We have {IJ{J~^Mi)Y — 
IJ{J-^MiY and {IJ{J-^Mi)Y ^ I{J{J~^Mi)y D IJ{J-^Mi)\ hence all 
these objects are equal and we get 5.2.5 and hence 5.2.4. 

The action of r on both sides of 5.2.3 coincide. Considering r-invariant elements 
of both sides of 5.2.3 and taking into consideration 5.2.4 (A^o = Hom^^((r, Zi) 

and Mi = M Zq) we get the lemma. □ 
Ac 

This lemma proves (A) of Step 1. 

Lemma 5.2.6. Let Mi {i = 0, 1) be two locally free Zg-modules with r-action 
satisfying ricm) — T{c)T{m) (c e Zq, m e Mi)., and '0 : Mq®Zo-^i ~^ a perfect 
pairing of Zo-modules with r-action. Let, further, both Mi satisfy Ml ®^ Zq = 
Mi- Then the restriction of ip to Mq <Sij^ Ml — )■ f2 is a perfect pairing as well. 

Proof. Let a : Mq — )■ O be an A-linear map. We prolonge it to a map 
a : Mq — > Zi by Zq-t- linearity. By perfectness of ip, there exists rrii e Mi such 
that Q:(mo) = ipirriQ (8) mi). It is easy to see that mi is r-invariant (we use the fact 
that T : Zo ^ Zo is surjective). □ 

Lemma 5.2.7. There is a natural perfect A-linear f2-valued pairing between 

Hi{M) and H^{My. Hi{M) ® H^{M) fl. 

A 

Proof. For the case A = ^q[T] this is [G], Corollary 5.9.35. General case: we 
have a perfect Zo-pairing 

Hom^ (M, Zi) (8) (M (g) Zo) Zi 

^0 Ac 

Now we take Mo = Hom^^(M, Zi), Mi = M ® Zq and we apply Lemma 5.2.6. 

Ac 

□ 

Step 1 of the theorem follows from these lemmas. 

Remark 5.2.8. The pairing can be defined also as the composition of 

Ui{M) ® Hi{M') = HomA^j^](M, Zi) ® HomA^j^,(M', Zi) 

^►HomA r ,(M (g) M',Zi (g) Zi) Hom* r i (C, Zi (g) Zi) = L((2:) (g) Q 
^cM^ Ac ^0 ^^^^J Zo ' A 

(5.2.9) 

where the second map comes from a canonical map 5 : C — > M (g) M' of Remark 

Ac 

1.11.1 (more exactly, of its analog for arbitrary A). 

Remark 5.2.10. Recall that the explicit formula for functoriality is the follow- 
ing. Let a : Mi — )■ M2 be a map of abelian T-motives, a' : M2 — )■ M[ the dual map 
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and L{a) : L{M2) L{Mi), L{a') : L{M[) ^M^) the corresponding maps on 
lattices. For any l[ e L{M[), I2 G L{M2) we have: 

< L{a){l2),l[ >Mi=< l2,L{a'){l[) >m, (5.2.11) 

5.3. Proof: Step 1, Version 2. Case A = FjT]. We identify Zi with C^{T} 
(sec [G], p. 168, lines 3-4) and A with O; we shall construct an A-linear, A-valued 
pairing which is canonical up to multiplication by elements of F*. We have (under 
identification of T and 9 via t) 

L{M) = Homc^[T,r](M,Zi) (5.3.1) 

Let if : M ^ Zi, cp' : M' ^ Zi be elements of L(M), L(M') respectively, and let 
fi be from 1.9.3, 1.10. We denote 

^(/*) = V, (5.3.2) 

where G (ZiY is a vector column (it is a column of the scattering matrix ([A], 
p. 486) of M, see 5.4.1 below). The same notation for the dual: (p'{fi) = v'^. 
Condition that </?, (p' are r-homomorphisms is equivalent to 

Qv,^vi^\ <5X = ^'i'^ (5.3.3) 

(analog of the formula for scattering matrices [A], (3.2.2)). Let us consider S = 
T^Zo^^i^' G Coo{T} C Coo[[T]] of [G], p. 172, line 1; recaU that it is the only 
element (up to multiplication by F*) satisfying 

S = (T-^)SW, limai = 0, |ao| > |ai| Vz > (5.3.4) 

(see [G], p. 171, (*); there is a formula S = aoni>o(-'- ~ T/d'^'') where ao satisfies 
Oq""^ = —1/0)- Finally, we define 

<ip,if' >=Evivi (5.3.5) 

Obviously < (p,(p' > does not depend on a choice of a basis /*. 
Lemma 5.3.6. < (p,(p' >e Fq[T]. 

Proof. Firstly, this element belongs to Fq[[T]], because 

^vivi - {Eviv'J'^ = E{vlvi - (T - ey'vi'K'^^^) = EvliEr - (T - Oy'Q'Q'H 

because of (5.3.3). Further (see (1.10.1) — the definition of Q') 

Er-{T- ey^Q^Q' = 

Finally, let < f^f' >= ^^^CiT'^. Since coefficients of all factors of (5.3.5): S, v^, 
and v'^ — tend to 0, we get that q also tend to 0. But G Fg, i.e. they are almost 
all 0. □ 

Lemma 5.3.7. The above pairing is perfect. 
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Proof. We have an isomorphism 



a : Homc^[T,r](M,Zi) ^ HomF^[T](M{r}-, F,[T]) (5.3.8) 
defined as the composition of the maps 

Homc^[j.,,](M,Zi) = Homc^[j.](M,Zi)- ^ Homc^^^.} (M{T}, Coo{T})" 

4HomFjT](M{Tr,F,[T]) 

where M{T} = M ®c^[t] Cool?"} with the natural action of r (see [G], Definition 
5.9.11), ^ : Homc^[T]°(M, Zi) Homc<^{T}(M{T}, Coo{T}) is the natural map 
and 13' is the restriction of {3 on r-invariant elements. Using the Anderson's cri- 
terion of uniformizability of M (see, for example, [G], 5.9.14.3 and 5.9.13) we get 
immediately that both 7, /3, and hence and hence a are isomorphisms. Further, 
let us consider a homomorphism 

i : Homc^[T,,](M', Z^) ^ M{TY (5.3.9) 

defined as follows. Let v'^ be as above. We set 

i{^') = ^v'lUeM ® Coo[[T]] 

Coo[T] 

Since S G Coo{r}, we get that Sv'lf^ G M{T}. A simple calculation (like in the 
Lemma 5.3.6, but simpler) shows that i{(fi') is r-invariant, hence i really defines 
a map from Homc^ [t,t] (-^', -Z'l) to M{TY. Obviously it is an inclusion. Let 
us prove that i is surjective. Really, let c* G (ZiY be a column vector such that 
c* /* G M{T}'^ . An analog of the above calculation shows that if we define by the 
formula </?'(/:) = S-^c* then <p' G Homc^[T,r](M', Zi), and i(v?') = elf, e M{T}-. 
Finally, the combination of isomorphisms (5.3.8) and (5.3.9) corresponds to the 
pairing (5.3.5). □ 

5.4. Step 2 — End of the proof of Theorem 5. It is easy to see that the 
converse of the Corollary 5.1.1 (taking into consideration Proposition 3.2) is also 
true, i.e. in order to prove Theorem 5 it is sufficient to prove that a Siegel matrix 
of M' is —Z^ where Z is a Siegel matrix of M. Let us consider a basis li,...,lr 
of L[M) and for each li we consider the corresponding (under identification 5.3.1) 
(pi G }iom.c^[T,T]{M, Zi). Let be the scattering matrix of M with respect the 
bases h, Ir, fi, fr, and we denote (fii{f*) by Vj* (notations of 5.3.2). 

Lemma 5.4.1. is the z-th column of ^ {Zi is identified with Coo{T}, see 
the proof). 

Proof. Follows from the definitions. The isomorphism 5.3.1 is the com- 
position of 2 isomorphisms ii : L{M) Hom^(K/A, E) ([G], 5.9.19) and 
12 : Hom^(K/A,E) ^ Homc^[T,r] (M, Hom'=(K/A, Coo) ([G], 5.9.24; recall that 
Zi = Hom^(K/A,Coo)). For /, G L(M) we have (ii(/i))(T-^) = exp(^-'=/,) ([G], 
line above the lemma 5.9.18) and {{120 ii{li)){fj)){T-^) =< fj,exp{e-^k) > ([G], 
two lines above the lemma 5.9.24). Using the identification of Zi and Coo{T} ([G], 
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p. 168, lines 3-4) and the definition of ^ ([A], p. 486, first formula of 3.2) we get 
immediately the lemma. □ 

Let l[, l'^ be a basis of L{M') which is dual to a basis Zi, Ir of L{M) with 
respect to the pairing 5.3.5. 

Lemma 5.4.2. The scattering matrix of M' with respect to the bases Zj, 

/{,...,/; is 

Proof. Follows immediately from 5.4.1 applied to both M, M', and formula 
5.3.5. □ 

Remark 5.4.3. An alternative proof for the case of pure M (for some basis 

of L{M')) is the following. We denote S"^**"^ by It satisfies ^^^^ = [T - 
6)Q^~^'^i and other conditions of [A], 3.1. According [A], Theorem 5, p. 488, there 
exists a pure uniformizable T-motive Mi with u-structure such that its scattering 
matrix is \E'i. Since \&i satisfies 

we get that (5(Mi) = Q', i.e. Mi = M'. □ 

Let us recall the statement of the crucial proposition 3.3.2 of [A]. Here we consider 
the case of arbitrary M, i.e. N can be arbitrary. Let \E' be a scattering matrix of 
M. We consider the (T — ^)-Laurent series for (here k{M) < is a number, and 
Ai e M^(Coo)): 

oo 

5^ MT-ey, 

i=k{M) 

and its negative part 

-1 

:= J2 MT-oy 

i=k{M) 

We consider the space of series X]iL\(M) ^»(^ ~ ^)*' where Cj e Coo, as a Coo- 
vector space. We denote by its r-th direct sum written as vector columns of 
length r. Multiplication by T is an operator on 5J. 

We denote the i-th column of by it belongs to QJ. Finally, we denote 
by Prin(M) (resp. by Prino(M)) the CoofT^j-hnear envelope (resp. the Fq[T]-linear 
envelope) of all in QJ. 

Proposition 3.3.2, [A]. There exists a Coo[T]-lmeaT isomorphism ipE '■ 
Lie (M) — >■ Prin(M) such that its restriction to L{M) C Lie (M) defines an iso- 
morphism L{M) — >■ Prino(M) (denoted by V's as well). 

Corollary 5.4.4. AT = <^ k{M) = -1. □ 

We return to the case N = 0. 

Let us consider the (T — 6')-Laurent series for \E'' and S~-^: 



i=k{M') 



'=—1 
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E ^'iiT-ey 

i=k{0 



Since for both M, M' we have N = 0,we get k{M) = k{M') = —1. An elementary 
calculation shows that k{^) is also —1. Hence, equality ^f'^f* = S"-*^ implies that 
= 0. 

Further, there exist n columns of A-i which are Coo-linerly independent (they 
are V'fi-images of elements of L{M) which form a Coo-basis of Lie (M)) and all 
other columns of A-i are their linear combinations. Interchanging columns of A_i 
if necessary we can assume that these columns are the first n columns. We denote 
by A_i ;e (resp. A_i ^.j ) the r x n (resp. r x (r — n) ) matrix formed by the 
first n (resp. the last r — n) columns of A-i. There exists a matrix C such that 
A-i,ri = A-i,le^- Again according Proposition 3.3.2, [A], we have: 

C = (5.4.5) 

where Z is a Siegel matrix of L{M) (see 5.5, 5.6 below for a proof of this formula 
in the present case). 

Analogous objects are defined for A'_-^. We denote by A'_-^ (resp. A'_-^ ,^^) the 
r xn- (resp. r x (r — n) )-matrix formed by the first n (resp. the last r — n) columns 
of A'_,. Since A'_,At, = A'_, i^Al, i^ + A'_^^^^A'_^^^^ we get that A'.^ ^^A^^ + 
^-i,ri^*^-i le ~ ^- Since A^_^ is a n x r-matrix of rank n, it is not a zero-divisor 
from the right, so 

^-l,^e = -A'-l,riC' (5.4.6) 

Since the rank of is r — n and ^.^ is a r x (r — n) matrix, (5.4.6) implies that 
columns of A'_^ ,^^ are linerly independent, and by (5.4.6) and Proposition 3.3.2, [A] 
we get that — C* is Z'* where Z' is a Siegel matrix of M' . □ 

Remark 5.5. Since the notations of [A] differ from the ones of the present 
paper, for the reader's convenience we give here a sketch of the proof for the case 
N = {) oi two crucial facts: Corollary 5.4.4 and 5.4.5 ([A], Theorem 3.3.2). 

Let a : Lie (M) — E{M) be a linear isomorphism which is the first term of the 
series for exp : Lie (M) E{M), and let / E Lie (M), / e M be arbitrary. We 
consider the (T - 6')-Laurent series ^'^f^ bi{T - 9)' of X]°lo < exp(g3^/), / > . 

Lemma 5.6. If TV = then k = -1, and 6_i = - < «(/),/ > (this is [A], 
3.3.4). 

Sketch of the proof. For z G Lie (M) we denote exp{z) — a{z) by s{z), hence 
< exp(^/), / > = 21 + e, where 

oo ^ oo ^ 

j=o i=o 
We consider their (T — ^)-Laurent series: 

oo oo 
i=/s(2l) 

Since we have exp(z) — ^'i^;*-*-' where Co = En we get that e{z) — CiZ^^\ 

This means that for large j the element £(^3tt0 small, and hence k{(B) — 0, 
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because finitely many terms having small j do not contribute to the pole of the 
(T— ^)-Laurent series of (£ (the reader can prove easily the exact estimations himself, 
or to look [A], p. 491). Since a is Coo-linear, equality YlfLo wftT^ = — (T — 9)~^ 
implies that A;(2l) = —1 and O-i = — < a{l),f > (and other = 0), hence the 
lemma. □ 

This lemma obviously implies Corollary 5.4.4. Further, elements fi, ...,fr gen- 
erate the Coo-space M/tM, because multiplication by T on M/tM coincides with 
multiplication by 6, hence the fact that /i, /j. Coo [2^] -generate M/tM implies 
that they Coo-generate M/tM. 

Let /i, ...Jn form a Coo-basis of Lie (M). Since the pairing < *, * > between 
E{M) and M/tM is non-degenerate and a is an isomorphism, we get that columns 
< q;(/i),/* >,...,< a{ln),f* > are linearly independent. Again since a is an 
isomorphism and the pairing with is linear, we get that 

{<a{ln+i)J*> ... <a{lr),U>) ^ {<a{h),U> ... < a{ln), f* >)Z* 

Applying the lemma 5.6 to this formula we get immediately 5.4.5. 
6. Tensor products. 

There exists an analog of the Theorem 5 for the case of tensor products of abelian 
T-motives. It describes the lattice L(Mi (g) M2) in terms of L(Mi), L(M2). This 
is a theorem of Anderson; it is formulated in [P] , end of page 3, but its proof was 
not published. We recall its statement for the case of arbitrary N ^ 0, and we give 
its proof for the case N = (case of arbitrary N can be obtained easily using the 
same ideas). 

If M is an uniformizable abelian T-motive such that N then Lie (M) (resp. 
L(M)) is a Coo[T] (resp. Fq[T]) -module, where T acts as9 + L{N), hence Lie (M) 
is a CooffT' — ^]]-module, and there is an exact sequence of CooffT' — ^]]-modules 

0^q(M)^L(M) ® Coo[[T-6']] ^Lie (M) ^ (6.1) 

The kernel q = q(M) carries information on the pair (L(M),Lie (M)). 

Theorem 6.2 (Anderson). Let M, M be any two uniformizable abelian T- 
motives. Then 

q(M®M) = q(M) ® q(M) (6.2.1) 

Coc[[T-0]] 

Remark. M ® M is a uniformizable abelian T-motive ([G], Corollary 5.9.38). 

Proof (case A'^ = 0). We define notations for M, and all notations for M 
will carry bar. Let and Z be from 3. We consider Cj as a CooII?" — 6*]] -basis 
of L{M) ® Coo[[T - 9]]. Elements bi := (T - 9)ei, i = l,...,n and b^+i := 

Cn+i — S^=i ^ij^jj i — ^1 ■■■1 r — n form a Coo[[r — ^]]-basis of q. We need a 

Lemma 6.2.2. ^'(MoM) = *(M)(g)*(M) where *(M) (resp. *(M); *(M0 
M)) is taken with respect to bases e* of L(M), /* of Mc^[t] (resp. e* of L{M), /* 

of Mcoo[T]'j ^* ® ^* of -^(-^ -^)' /* ® /* of ® -^)coo[T]) (see the proof for the 
notations). 
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Proof. We consider a map 

a : Homc^[T](M, ZiY ® Homc^[T](M, ZiY Homc<^[T](M ® M, ZiY 

A 

defined as follows: for 99 G Homc^[yj(M, Zi)"^, G Homc^[7-](M, Zi)"^ we let 
[a{(f ® <^)](/ <8 /) = </?(/) ■ <^(/) (it is obvious that a{(f ® (^) is r-stable). Since 
ei, (resp. ei, e^;) is a basis of Homc^ [t] (-^5 Z-^y (resp. Homc^ [t] (-^5 -^1)^; 
we identify L(M), resp. L{M) with Homc^[T](M, Zi)"^ (resp. Homc^[T] (M, Zi)^) 
we get (using Lemma 5.4.1) that \1/(M), \1/(M) are non-degenerate. Since their 
product is also non-degenerate, we get a{ei ^ ej) are linearly independent and 
hence a basis of Homc^[T] {M ® M, Z\f . Applying once again Lemma 5.4.1 we get 
the lemma. □ 

If A, B are two matrices then columns of A (8)5 are indexed by pairs (/c, /) where 
k (resp. X) is the number of a column of A (resp. 5). We denote by A/., S/, 
A ® -B(fc,z) the respective columns. Obviosly we have: A (g) = A/, (g) (tensor 

product of column matrices). 

Let us prove that for i = 1, r — n, i = 1, f — n the element 6^+1 ® ^n+i G 
q(M eg) M). According [A], Proposition 3.3.2, it is sufficient to prove that the 
corresponding linear combination (see 6.2.3 below) of the columns of the matrix 
*M®M is 0. Since 

bn+i ® ^n+i ~ ^ ] ^ij^ij^j ® ^3 ~ ^ ] ^ij^j ® ^n+i ~ ^ ] ^ij^n+i 'S> -\- Cn+i ® 6^+^ 

we get the explicit form of this linear combination: it is sufficient to prove that for 
alH, i we have 



- %(*M®M)(n+i J) + (*M®M)(n+»,n+^) = ^ (6.2.3) 



Further, 6.2.2 implies that 



. _ ^ A_i,fc0A_i^fc A-i,fc0Ao^fc + Ao,fc0A_i, 
V M(g)M''(fc,fc) (T — 6)^ T — 9 



hence 6.2.3 becomes 



^ _ A_i^^^A_ij A_i J (8) Aoj + Aoj ® A_ij 



3,3 



{T-ey T-d 



E A_ij (g) A_i A_i J (g) Ao^^_)_j -I- Aq J (g) A_i^^^.j 



E_ A_i,n-Ht A_i J A_i,n+^ (8) Aq J -h Ao,n+^ A_i J 
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A—i,n+i ® ^-i,n+i _^ A_i^n+i ^0,n+i + ^0,n+i ® ^-i,n+i _ q (^6 2 4) 



(T-6')2 T-^ 
It is easy to see that 6.2.4 follows immediately from the equalities 

^_i,n+i = ^ ZijA_ij (6.2.5) 
j 

^-l,n+i = XI J 
J 

For example, the left hand side of (6.2.4) has 2 terms containing Aq j (in the middle 
of the first and the third lines of (6.2.4)). Multiplying (6.2.5) by zijAqj we get that 
the sum of these 2 terms of (6.2.4) is 0. For other pairs of terms of (6.2.4) the 
situation is the same. 

The proof that for i = I, r — n, z = 1, n the element bn+i ®hi& q(M (g) M) 
is analogous but simpler. We have 

K+i ®h = {T -0){-^ ZijCj (g) + Cn+i (8) ej) 

i 

The analog of (6.2.3)) is 

(T - ^)(-5]^i,-(*M«M)0J) + (*M«M)(n+iJ)) = 

i 

and the analog of (6.2.4)) is 

E A-i.j eg A_i-i ^-1.,/^. eg A_i_i _ 
T-d ^ T-d 
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This equality follows immediately from (6.2.5). 

Finally, elements hi®h-i (z = 1, n, z = 1, n) obviously belong to q(M (g) M). 

So, we proved that q(Af) (g) q(M) C q(M(8)M). Since the Coo-codimension 

Coo\[T-e]\_ 

of both subspaces in L{M) L{M) (g) CqoIIT" — ^]] is nn, they are equal. □ 

¥g[T] FJT] 

7. Polarization form. 

Case A = Fg[T]. Let M be a self-dual uniformizable abelian T-motive, i.e. 
there exists an isogeny a : M ^ M'. It defines a Fq[T]- valued, Fq[T] -bilinear form 
< *) * >a on L{M') as follows: 

< <Pl,<f2 >a = < L{a){(fii),(f2 >M 

5.2.11 implies that if a' = —a (resp. a' = a) then < *, * >q is skew symmetric 
(resp. symmetric). 
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Examples. 

Let e* be from 1.9, and let M given by the equation (here A e Mn(Coo)) 

Te* = ^e* + ^re* + T^e* (7.1) 

be a T-motive of dimension n and rank 2n. Elements /j = e,, fn+i — Tei {i = 
l,...,n) form a Coof^j-basis of M. We have (see, for example. Section 3): M' is 
given by the equation 

and if we define 

fl = re^, fUi = < (7-2) 

then bases fl are dual in the meaning of Lemma 1.10. 

Let a : M — 7- M' be given by the formula a.{e^) = De'^ where D G M^(Coc) (we 
consider only the case of constant map: elements of D do not contain r). Condition 
that q; is a Coo[T, r]-map is equivalent to 

= ^2^(1) = _nA* (7.3) 

Further, we have 

a{f.)=Dff: (7.4) 

where Df = q^^' ^^^^^ 

a' = ±a <^ D} = ±Df <^ D^'^^ = ±D* (7.5) 

Let us fix £o satisfying £9"^ ~ It is easy to see that if we take A symmetric 
(particularly, if n = 1) then D — eoE^ satisfies 7.3, the sign in 7.5 is minus and 
hence for the corresponding a the form < *, * >q, is skew symmetric. If A is skew 
symmetric then we can take D = En, the sign in 7.5 is plus and hence for the 
corresponding a the form < *, * >q, is symmetric. 

Remark 7.6. The below statements are conjectures based on arguments similar 
to the ones which justify the below Conjecture 11.8.3. Since they are of secondary 
importance, we do not give any details of justification here. 

A. Conjecture. If n > 3 then for a generic skew symmetric A we have: 

End(M) = ¥q[T]. 

B. Corollary. Conjecture A implies that the "minimal" a : M — )■ M' is defined 
uniquely up to an element of F*, and hence the symmetric pairing < *, * >q, is also 
defined uniquely up to an element of F* . 

C. Conjecture. If n — 2, a' = a then EndM is strictly larger than Fq[T]. 

Other examples of a self-dual T-motive are M © M' where M is any T-motive, 
but they do not give interesting examples of pairings. 

D. Conjecture. There exist other (distinct from the ones defined by 7.1) self- 
dual T-motives M having End(M) = Fq[T] (we can use a version of standard 
T-motives of Section 3) . 
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Example 7.7. Case A = 0, D = 



In this case we can find expficitly the matrix of the symmetric form < *, * >q, 
in some basis of L(M'). Let £2 be the Carhtz module over the field ¥q2 considered 
as a rank 2 Drinfeld module over ¥q given by the equation 

Te^ee + T^e 

We have M = Cf". Let %Ti^2) be the convergent T-Tate module of €2, i.e. the 
set of elements {zi} e £{€2) = Coo > — 1, -^-i = 0) such that 

2 

Tzi — Zi-i for i > (i.e. + 9zi — Zi-i) and Zi ^ 

It is a free 1-dimensional module over Fg2 [T] . We choose and fix its generator; its 
{zi} satisfy (like in 5.3.4) l^ol > \zi\ \/i > 0. We denote YlT=o^kT^ by 3- 

Let c be a fixed element of ¥^2 — Fg. Formulas (5.3.3) show that the following 
elements (pi, ip'^ {i = 1, .... 2n) form bases of L{M), L{M') respectively {j = 1, n; 
clearly that thanks to 7.2 we have ^[{f'j) — Pi{fn+j), n + j mod 2n): 

i<n: ^,{f^) = 3Si, cp,iU+j) = 3^'^Si 

i>n: Vi{f,)^c3SU, V^{fn+J)^c'^5^'^Si_^ 
i<n: ^^f^ = ^5l M+j) = 5Si 

i>n: <p[{f;) = C^5^^5i_^, mUj) = ^Sl-n 

(by the way, it is clear that the same relation between elements of %TiM) and 
Homc^[j' ,r](M, Zi) holds for all M). Formula 7.4 shows that a'{^Pi) = 'fi+n, where 
i + n mod 2n. Let us denote S ■ 3 ■ 3*-^-' G F* by 7. The above definitions and 
formulas show that the matrix of < *, * >a in the basis (pi, Pn+i, Vn, ^2n consists 
of n (2 X 2)-blocks (trace and norm of Fq2 /Fg) 

fir (1) tr (c) \ _ f 2 c + c*? \ 
^Vtr(c) ti {N{c))j ~^\c + ci 2c'?+iy 

The determinant of this block is — (c — c^)^7^; it belongs to F*^ <^==^ g = 3 mod 4 
or q is even. Since we have n blocks, we have: 

det < *, * >Q,^ F*^ ■^=^ ? = 1 mod 4 and n is odd. 

Remark 7.8 (Jorge Morales). There is a theorem of Harder (see e.g. W. 
Scharlau, "Quadratic and Hermitian forms" , Springer- Verlag, Berlin, 1985, Chapter 
6, Theorem 3.3) that states that a unimodular form over k[X] — k being any field of 
characteristic not 2 — is the extension of a form over k, i.e. there is a basis in which 
all the entries of the associated symmetric matrix are constant. This means that 
the classification of the above quadratic forms over ¥q[T] (g odd) is very simple. 
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8. Relations between lattices and T-motives. 

8.1. Firstly, we have^ 

Theorem 8.1.1. ([H], Theorem 3.2). The dimension of the moduh set of pure 
T-motives of dimension n and rank r is n{r — n). 

Remark. A tuple (ei, e^) of integers entering in the statement of this theorem 
in [H] is (0,...,0, !,...,!) with repeated r — n times and 1 repeated n times for the 
case under consideration. 

Since this number n{r — n) is equal to the dimension of the set of lattices of rank 
r and dimension n, we can state an 

Open question 8.1.2. Let r, n be given. Is it true that the moduli space of 
the pure uniformizable abelian T-motives of rank r and dimension n (maybe its 
irreducible component) is in 1 - 1 correspondence with (an open part of) the set of 
lattices of rank r and dimension n, and is this correspondence functorial? 

Remarks 8.1.3. A. The below Proposition 8.2.3 shows that if (r, n) ^ 1 then 
the answer is no. 

B. We must exclude the case r — n — 1 from the statement of functoriality: 
the pair (Lq, Vq) of rank and dimension 1 has many inclusions to any (L, V) in the 
category of pairs, while for almost all M there is no inclusion £ — > M. 

Theorem 5 implies that for n = r — 1 the answer to 8.1.2 is yes (the below 
Proposition 11.8.5 shows that most likely the condition of purity is essential): 

Corollary 8.1.4. All pure T-motives of dimension r — 1 and rank r having 
N = are uniformizable. There is a 1 - 1 functorial correspondence between pure 
T-motives of dimension r — 1 and rank r having N = (r >2), and lattices of rank 
r in having dual. 

Proof. Let L be a lattice of rank r in C^^^ having dual L' . There exists the 
only Drinfeld module M' such that L{M') = L', and let M be its dual. Theorem 
5 implies that L[M) — L. If there exists another pure T-motive Mi of dimension 
r — 1 and rank r having N = such that L{Mi) ~ L then by Corollary 10.4 (its 
proof is logically independent: there is no vicious circle) the dual M[ is a Drinfeld 
module, according Theorem 5 it satisfies L{M[) = L', hence M[ = M' and hence 
Ml = M. □ 

Remark 8.1.5. Recall that lattices of rank r in having dual are described 
in 3.5 (formulas 3.6, 3.7). 

Remark 8.1.6. Clearly for any r, n we have: if a lattice L of rank r and 
dimension n has no dual then L ^ L{M) for any pure uniformizable M. I do not 
know whether Theorem 6.2 (which is an analog of Theorem 5 for another tensor 
operation) imposes a more strong similar restriction on the property of L to be the 
L{M) of some pure uniformizable M, or not. 

Further, for any uniformizable T-motive M we have a 

Corollary 8.1.7. If the dual of (L(Af),Lic (Af)) does not exist then the dual 
of M does not exist. Example: the Carlitz module. 



am grateful to Urs Hartl who indicated me this reference. 
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8.2. Infinitesimal lattice map and C-lattices. For r = 2n, n > 1 the 

degree of the lattice map is infinite, hence in order to get a 1 - 1 correspondence 
it is necessary to introduce a new object called a C-lattice. Since I am not sure 
that this description is unknown, only sketches of proofs will be given. There is 
a C-lattice map from a neighbourhood of a T-motive Mq to a neighbourhood of a 
C-lattice Lc,o (see below for the definition of Mq, Lc,o) which is 1 - 1. 

For the case (r, n) = 1 1 do not see an inicial T-motive Mq such that in its 
neighbourhood the degree of the lattice map is not 1 (see Remark 8.2.14 for more 
details), hence we can ask whether in this case the answer to 8.1.2 is yes. I think 
that this is few likely. 

Definition 8.2.1. A C-lattice is a pair (L,e>^) where 

L dV = is a lattice and 

ei, is a Fg[^]-basis of L. 

Further, two such pairs (L; ei, e^) and (L'; e'^, e^) are called equivalent if 
there exists a Coo-hnear map ip : V ^ V such that ipiL; ei, e^) = (L'; e^, e^), 
OT L = L' and the matrix of the change of basis from ei, e^. to e'l, ...,e'^ (which a 
priori belongs to GLr{¥q[9]) ) belongs to GLr{¥q). 

The functor of forgetting the basis from C-lattices to lattices is denoted by i. 
The notion of a Siegel matrix for a C-lattice is the same as for a lattice. 

We consider infinitesimal degree of the lattice map in a neighbourhood of some 
distinguished (having many endomorphisms) T-motive Mq. We consider the case 
Mo = Cf"^ (see 7.7; it was denoted by M in 7.7). It is easy to see that Mq 
is the (only) T-motive with complete multiplication by Fq2n[^] with CM-type 
/(i, fr^, fr'^, fr^"^~^. Let u G Fg2 — Fg be a fixed element. A Siegel matrix of 
Mo is uEn- We denote the lattice (resp. the C-lattice) corresponding to ojEn by 
Lq (resp. Lc,o)- Lq is the lattice of Mo. We consider 5 sets Si, S^: 

Si. The set of n x n matrices A. 

S2- The set of T-motives M given by the equation 

Te* = 9e^ + Are^ + r^e* 

where A e Si, e* = (ei, e^)*. 

S3. The set of Siegel matrices Z. 

5*4. The set of C-lattices of rank r = 2n in C^. 

S5. The set of lattices of rank r = 2n in C^. 

We consider initial elements 0, Mq, ojE^, Lc,o, Lq of ^i, ^5 respectively and 
open neighbourhoods Ui C Si of these initial elements. 

Proposition 8.2.3. There exist neighbourhoods U2, U4, U5 such that 

(a) The restriction of i to 1/4^ gives us an epimorphism U4 ^ U5. 

(b) there exists a 1 - 1 map /U24 from U2 to U4 such that H25 := i o (see 
the below diagram 8.2.4) is the lattice map from uniformizable abelian Anderson 
T-motives to lattices. Particularly, for n > 1 the fibre of 1^25 is discrete infinite. 
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(8.2.2) 



Proof. It is sufficient to prove that there exists a commutative diagram 



Ui 




U2 










M25 


fJ'lS i 




fJ'24: i 


\ 


Us 









(8.2.4) 



where fii2{A) is the T-motive defined by 8.2.2, /i34(Z) is the C-lattice corresponding 
to a Sicgcl matrix Z and /U13 is defined as follows. We identify Lie (£2) with 
Coo and hence Lie (Mq) with C^. We consider the following basis Zq,!, ^o,2n of 
Lq C Lie (Mo) = CJ^: /o,i = (0, ...,0, 1,0, ...,0) (1 at the i-th place), /o,n+i = ojlo^i, 
z = 1, ...,n. The Siegel matrix of this basis is uEn- Let A e Ui, M its //12-image 
and L its lattice, i.e. its H25 o |Ui2-image. For any Iq G Lq there exists a well-defined 
I G L which is close to Iq (because entries of A are near 0). So, we consider a 
basis h, Z2n of L where any li is near the corresponding Zo,i- The Siegel matrix 
corresponding to /i, /2n is exactly the //is-imagc of M. By definitions, the outer 
quadrangle is commutative. 

We denote by da/3 the degree of fiai3 ^ generic point near the initial element 
of Ua- We must prove that there exists a map //24 preserving commutativity, and 
that = 1. 

Lemma 8.2.5. dis = 1. 

Proof. We can associate 8.2.2 the standard commutative diagram 



^00 


Exp 








rriT i 


^00 


Exp 


^00 



where for Z e C% we have mriZ) = dZ + AZ^^^ + Z^'^\ Exp(Z) = Exp^(Z) = 
E^=o CrZ^"^ where d = Ci{A), Cq = 1. 

For the reader's convenience, we consider only the case n = 1 (the general case 
does not require any new ideas), hence Z, A will be denoted by z, a respectively. 
We denote 9ij — 6'^ — 6'^^ . Recall that the exponent for €2 has the form 

Expo(^) = z + ^z^" + -^z^" + ... (8.2.6) 

^20 t/42C/40 

((^21(0) = A ). We denote by G Coo a nearest-to-zero root to Expq(2;) = 

i lj=0 "2i,2j 

(this is ^ of ^2 ill notations of [G]). It is defined up to multiplication by elements 
of F*2, and it generates over ¥^2 [9] the lattice of the Carlitz module €2- We fix one 
such I/O- If is sufficiently small then there is the only root to Exp^(2;) = near 
yo, and there is the only root to Exp^(^) = near uyo. We denote these roots by 
z = z{a), z' = z'{a) respectively, and we denote z = yo + S, z' = uyo + S' . S (resp. 
5') is a root to the power series 

00 

J2 = (8.2.7) 

i,j=0 
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resp. Yl ^ij^'^^ = (8.2.7') 

i,j=0 



where 



OOO - U, aio - ^ h ^— ^ h a a a ^ a o a a ^ "01 - -L 



"00 — "10 — —p, \- -^—p, a a a ^ a a a a "01 — 



Moreover, 5, 5' are the nearest-to-0 roots to (8.2.7), (8.2.7') respectively. It is clear 
that (iio, d'lQ ^ 0. This means that the approximate value of 5, 5' is 

-dioa, -dioo (8.2.8) 

respectively. Exactly, both 5, 5' are power series in a whose first term is given by 
(8.2.8). This means that 



z = yo- dioa + ^ A;, 



a' 



i=2 
00 



a' 



i=2 



It is easy to see that d'lQ ^ a;ciio, hence the Siegel matrix "5 = z ^z' is given by the 
formula 

00 

3 = a; + ^U* (8.2.9) 

and li ^ 0. Since (for n = 1) dis is the minimal i such that Zj we get that 
di3 = 1. 

For n > 1 the calculation is the same (this is the main part of the proof, because 
for the case n = 1 the result is known). Analog of (8.2.9) is 

3 = ooEn + hA + P>2{A) (8.2.10) 

where P>2(A) is a power series of entries of A such that all its terms have degree 
> 2. Condition h implies dis = 1.0 

We denote the monodromy group of fii2, resp. /i25 by M.12, resp. M.25- We 
have Mi2^ GLn{¥q2)/¥*. Really, the automorphism group of Mq is GLn{¥q2[T]): 
an element g of this group acts on the basis e* of (8.2.2) if = 0. But if A is a 
generic matrix, then for g e GL„(Fq2[T]) — GL„(Fq2) the result of the action of g 
on (8.2.2) becomes a more complicated equation: terms having higher powers of r 
appear, so these g do not belong to Aii2- Factorization by F* is obvious. Further, 
obviously A^25 = {76 PGL2n{¥q[9])\'y{ijjEn) = ojEn}- The outer quadrangle of 
8.2.4 defines a map from Aii2 to A^25 which we denote by a. 

Lemma 8.2.11. a is injective, and im cu = {7 e PGL2n{¥q)\^{ojEn) — ojE^} = 

M25 n PGL2n{¥q) C PGL2n{¥q[e]). 
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Proof, a is defined by the condition: for any ^ e /^i, 7 e A4i2 we have 

/^i3(7(^)) = («(7))(/^i3(^)) (8.2.12) 

The exphcit formula for a is the foUowing. For odd g we fix a; satisfying uj^ e F* 
(it is an easy exercise to find analog of the below formula for even q). Let 7 = 
U + a;y, U,V E GLn{¥q) (we consider cleary a representative of 7 e GLn{¥q2)/¥* 
in GLn(¥q2)). Then 

{a is an antihomomorphism, because the functor of lattice is contravariant). 
It is checked immediately that (8.2.12) holds. We see that im a = {7 e 

PGL2niWgMuEn)=UjEn}. □ 

Proposition 8.2.3 follows immediately from these lemmas. □ 

Remark 8.2.14. We see that if r = 2n, n > 1 then the lattice map /X25 is 
not a local isomorphism near Mq. The origin of this phenomenon is reducibility 
of Mq which implies that the monodromy group of /i25 is much bigger then the 
one of /U12. For other values of r, n a natural analog of Mq is a T- motive with 
complete multiplication. Apparently if (r, n) = 1 then all pure T-motives with 
complete multiplication are irreducible (example: CM- field is Fqr[0]), and analog 
of Proposition 8.2.3 for this case shows that //25 is a local isomorphism near this 
T-motive. 

Remark 8.2.15. From the first sight, for n = 1 Proposition 8.2.3 contradicts 
to a result of Drinfeld about 1-1 correspondence between Drinfeld modules and 
lattices. Really, there is no contradiction: if n = 1 then im a = Ai25, and — 
although t : 54 — )■ S'5 clearly is not an isomorphism — its restriction to U4 is an 
isomorphism C/4 — > C/5. 

8.3. Duality of C-lattices. We have no analog of 2.2 for C-lattices, so we 
use an analog of 3.2 as a definition of duality. Namely, if Z is a Siegel matrix of 
a C-lattice (i^, e*) then its dual (L,e*)' is a C-latticc whose Siegel matrix is —Z* 
(or which is the same, but more convenient for further calculations, because 
{—uEnY 7^ ojEn). Equality 3.8.2 shows that this notion is well-defined (entries of 
A, B, C, D belong to FJ. 

An analog of Theorem 5 holds for C-lattices: 

Theorem 8.3.1. Let M e U2. Then ix2a{M') = ii2A{M)' . 

Proof is completely analogous to the proof of Theorem 5, so we omit it. Alter- 
natively, we can show that the exact form of (8.2.10) is 

00 

fc=l di,...,dk 

where coefficients ldi,...,dk satisfy 

^di,...,dk ~ ^dk,---,d\ 



This obviously implies the theorem. □ 
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9. Hodge spaces and conjecture. 

We fix an uniformizable abefian T-motive M, we consider its pair (L, V) = 
(L(M), Lie (M)) and the map (p : L® Cq© — >■ V. By analogy with the number field 
case we denote 

H^^^{M) := V*,H^^^{M) := (Ker (p)* 
i.e. we have an exact sequence 

^ H^'\M) H\M, Coo) ^ H^'^{M) 

Further, we denote H'(M, Coo) := A*(iyi(M, Coo)), H^(M) := A^(L(M)). Since — 
unlike in the number field case — there is no complex conjugation on H^(M, Coo), 
hence there is no section H^'^{M) — )■ H^{M, Coo) of the above exact sequence, we 
define a modified (increasing) Hodge filtration space {H^{M, Coo)) C H^{M, Coo) 
as the linear envelope of elements ai A ... A aj where for k = 1, — j we have 
ak e H^'\M). Particularly, d-\H'{M,C^)) = 0, r{H'{M,C^)) = W{M,C^), 
and 

H'^^{M) = r{H'+^{M,C^))/r-\H'+'{M,C^)) 

is a subquotient of if*"'"-' (M, Coo) but not its direct summand like in the number 
field case. An i-th Hodge class is an element of d'{H'^'{M, Coo)) n H'^'{M). 

Hodge conjecture for codimension 1. We have a 

Question 9.1. Is it true that for pure M of dimension n and rank 2n the Hodge 
classes for i = 1 are in 1 - 1 correspondence with the skew maps M — > M' = maps 
€^ a2(M)? 

From the first sight, results of 8.2 imply that the answer to this question is no, 
and it is necessary to modify the notion of Hodge class (like we modify the notion of 
lattice in order to get the notion of C-lattice) in order to get a 1 - 1 correspondence 
between Hodge classes and skew maps M M' . Really, the following proposition 
shows that maybe the answer to 9.1 in its present form is yes: 

Proposition 9.2. For a generic M of the form (8.2.2), as well as for M = Mq, 
the answer to 9.1 is yes. 

Proof. For a generic M both sets of Question 9.1 are empty. Further, for any M 
it is obvious that existence of an element in {H'^{M, Coo)) ^ H'^{M) is equivalent 
to existence of a skew map of pairs (L(M), Lie (M)) — >■ (L(M'), Lie (M')), hence 
it is sufficient to prove that for M = Mq the natural maps 

^ : Hom(M,M') ^ Hom((L(M), Lie (M)), (L(M'), Lie (M'))) 

^"'^^^ : Hom"'^^"' (M,M') ^ Hom*'^^" ((L(M), Lie (M)), (L(M'), Lie (M'))) 

are isomorphisms (here Hom**^"^ is the set of maps satisfying ip' = —p)- We have 
= Mo, Hom(Mo,Mo) = G'L„(F,2[T])/F*, 
Hom((L(Mo),Lie (Mq)), (L(M^), Lie (M^))) = M2b- There is an obvious inclu- 
sion A^i2 — )■ Hom(Mo,Mo) denoted by x- We have (3 o ^ = ol where a is from 
8.2.11. It is easy to check that the formula for (3 practically coincides with 8.2.13. 
More exactly, we consider an isomorphism l : Fq2 [T] ¥q2 [6] (recall that t(T) = 9). 
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Then (notations of 8.2.11, U,V e Fg[T]) /3(t/ + uV) = 

We get that (5 is an isomorphism; it is clear that ^^^^^u; ^^^^ isomorphism. □ 

I do not know what is the relation between z-th Hodge classes (i > 1) and maps 
€ A^'iM), or maps A'{M) A'{M'). 

10. Duals of pures, and other elementary results. 

Here we consider the case A = Fq[T]. 

The definition 1.8 extends to the case of pre-T-motives, and remarks 1.11 hold 
for this case. 

Lemma 10.2. Let M be a pre-T-motive, m = m{M) from its (1.3.1), and 
/J. > m. Then M' — the /U-dual of M — exists as a pre-T-motive, and m{M') < fi. 
If M' is a T-motive then dimM' = — dimM (r is the rank of M). 

Proof. We must check that Q' has no denominators, and the condition (1.3.1). 
The module tM is a Coo[r]-submodule of M (because arx — ra^^'^x for x G M), 
hence there are Coo[T']-bases /* = (/i, ...frY, g* = {gi, ■■■grY of M, tM respectively- 
such that gi — Pifi, where Pi|P2|---|-Pr, Pi £ Ccxjf?"]. Condition (1.3.1) means 
that Vi (T - ^)"^/, G rM, i.e. Pi|(T - ^)"^, i.e. Wi P, = {T - 9)'^' where 
< TOj < mj_|_i < m. There exists a matrix £3 = {lij} G -^r(Coo[2^]) such that 

r r 

^fi = ^ij9j = Yl ^ijPjfj (10.2.1) 

Although r is not a linear operator, it is easy to see that G GLr{Coo[T]) (really, 
there exists C — {cy} G Mr{Coo[T]) such that gi — Pifi — t(^^^j^ (^ijfj)j we have 

We denote the matrix diag (Pi, P2, Pr) by ^, so (10.2.1) means that 

g = Oqj (10.2.2) 

Remark 10.2.3. Since G GLr{Coo{T)), we get that the action of r on 
Z2(M) is invertible. 

It is clear that if M is a T-motive then 

r 

dimM = J2^j (10.2.4) 

(because dimM = dimc^ (M/rM). Further, (10.2.2) implies that for Q' = Q{M') 
we have 

g' = Q*-^ diag ((T-^)'^-™S...,(T-^)'^-"^0 (10.2.5) 

This means that elements of Q' have no denominators. The condition (1.3.1) for 
M' follows easily from (10.2.5) (because 13*"^ G GLr{'Coo[r])), and the dimension 
formula (for the case M' is a T-motive) follows immediately from (10.2.4) applied 
to M'. □ 

A definition of a pure abelian T-motive ( — pure T-motive) can be found in [G] 
((5.5.2), (5.5.6) of [G] -|- formula (1.3.1) of the present paper). 
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Theorem 10.3. Let M be a pure T-motive and m = m{M) from (1.3.1). Then 
(if rm — n > 0) its m-dual M' exists, and it is pure. 

Proof. The definition of pure ([G], (5.5.2)) is vaUd for pre-T-motives. We use 
its foUowing matrix form. We denote by S and for any C we let 

= C'(i-l) . C(i-2) . . . Q 

Lemma 10.3.1. Let Q E Mr{CocD[T]) be a matrix such that formula (1.9.3) 
defines an abelian T-motive M. Then it is pure iff there exists C e GLr{Coo{{S)) ) 
such that for some q, s > 

S^C^^)q[^]C-^ e GLr{Coo[[S]]) 

i.e. iff S'^C^^'>Q^^^C~^ is S'-integer and its inicial coefficient is invertible. 

Proof. Elementary matrix calculations. We take C as a matrix of base change 
of to a Coo[['S']]-basis of W of (5.5.2) of [G]. □ 

Lemma 10.3.2. Let fj, = m. We have: M' = M'^ of Lemma 10.2 is a pure 
pre- T-motive. 

Proof. Let q, s and C be from Lemma 10.3.1. We have 

g/W ^ ^l^rj. _Q^[8]YQ[a] t-1 

(we use (1.2)). We take C = C*-^ We have 

S 

= ((1 - se)^'Ys~'^c^'^ *-^Q^'^ *-^c* 

= ((1 - S'6')W)^'(S"ic(^)qWC-^)*-^ 

We have: q/s = n/r ([G], (5.5.6)), hence (s/U — q)/s = {rfx — n)/r and S/U — q > 0. 
Further, ((1 - Se)^^^y G GL^(Coo[[^]]), and the result follows from Lemma 10.3.1. 
□ 

Remark. This result holds also for > m. 

The theorem 10.3 follows from Lemma 10.2, the above lemmas and the proposi- 
tion that a pure pre-T-motive satisfying (1.3.1) is a T-motive ([G], (5.5.6), (5.5.7)). 
□ 

Corollary 10.4. Let M be an abelian T-motive such that m=l, n = r — 1. 
Then M has dual <(=^ M is pure <(=^ M is dual to a Drinfeld module. 

Proof. Dimension formula shows that M' (if it exists) is a Drinfeld module, and 
they are all pure. □ 

Example 10.5. Let M be given by 

^='^^' ^-(-: i)- ^==(o o) 
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This M has m = l,n = 2, r = 3, and it is easy to see that it has no dual. Really, 
for this M we have (notations of 1.9) /i = ei, /2 = rei, /s = 62, 

/ 1 \ /am T-^ am \ 

g = T-^ -am , g' = 1 

\ -am T-dJ \ 1/ 

The last line of Q' means that r/3 = /g. This is a contradiction to the property 
that is free. It is possible also to show (Proposition 11.3.4) that M is not 

pure, and to use 10.4 in order to prove that it has no dual. 

Later (Section 11) we shall construct examples of non-pure abelian T-motives 
which have dual. Considerations of 11.8 predict that there is enough such T- 
motives. 

Theorem 10.6. For any abelian T-motive M there exists /iq such that for all 
H > Ho the object M'^ exists as an abelian T-motive. For these fi we have 

M"^^^ = M"" (g) € (10.6.1) 

Proof. (10.6.1) holds at the level of pre- T-motives, because Q{€) = (T — 9)Ei. 
According [G], Lemma 5.4.10 it is sufficient to prove that M'^ is finitely generated 
as a CooM-module. We shall use notations of Lemma 10.2. We take 

liQ = 1+ {the maximum of the degrees of entries of £2(M) as polynomials in T} 

+ max(mA;) 

Let /{, .../^ be the basis of M'^ over Coo[T'] dual to /i, .../t-. It is sufficient to prove 
the 

Lemma 10.6.2. Let io = iJ, — mm{mk). Then elements T*/j, i < io, j = 1, r, 
generate M"^ as a Coo[T]-module. 

Proof of the lemma. By induction, it is sufficient to show that for all a > iq 
the equation 

TX={T- 9)"f!j (10.6.3) 

(equality in M'^) has a solution 

r 
k=l 

where Ck G Coo[T], deg(Cfe) < a. According (10.2.5), the solution to (10.6.3) is 
given by 

(Cf^...,C^^)) = (0,...0,(T-6')«-'^+^^0,...0)n* 

(the non-0 element of the row matrix is at the j-th place). Unequalities satisfied 
by H and a show that all cj^^ are polynomials of degree < a. Since c c*^ is 
surjective on Coo, we get the desired. □ 
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10.7. Virtual abelian T-motives.^ We need two elementary lemmas. 

Lemma 10.7.0.^ If M is an abelian T-motive then M C is also an abelian 
T-motive. 

Proof. Let fj {j = l,...,r) be a CoofT'l-basis of Mc^[t] and f from 1.10.2, so 
fj (g) f is a Coo[T]-basis of (M ^^)coo[t']- It is sufficient to prove that (M (8) C^)coo[t] 
is finitely generated. Since Mc^j^-] is finitely generated, it is easy to see that there 
exists a such that elements 

{T-eyf„ i = 0,...,a, j = l,...,r 

generate Mc^^^y This means that Vj = 1, ...,r there exist Cijki G Cqo such that 

(T - er+'fj = E E E ^^MT - eyr'fi (10.7.0.1) 

i=0 k=0 1^1 

where 7 is a number. 

Let us multiply (10.7.0.1) by (T — 9)^. Taking into consideration the formula of 
the action of r on M (g) C we get that the result gives us the following formula in 

M(8)e 

a "f r 

(T - ^)«+7+i/. ^f=Y,Y.Y. ''^MT - ey+^-'r' ■ Ui ® f) (10.7.0.2) 

i=o fe=o 1=1 

This proves that for all j the element (T — ^)°'+')'+^/j (g) f is a linear combination of 

{T-eyfi^f, i = 0,...,a + 7, l = l,...,r (10.7.0.3) 

in (M (g) <t)c^[T-]. Multiplying (10.7.0.2) by consecutive powers of T — ^ we get by 
induction that elements of 10.7.0.3 generate (M (g) C)coc,[t]- ^ 

Lemma 10.7.1. If Mi (g) £ is isomorphic to M2 (g) € then Mi is isomorphic to 
M2. 

Proof. Let /i* (z = 1,2) be a CoofT'l-basis of (Mi)c^[T]5 from 1.9.3, a : 

Ml (g) C — )■ M2 (g) C an isomorphism and C e GLr(Coo[T']) the matrix of a in /i* Cg) f, 
/2* <g) f- The matrix of the action of r on Mi (g) C in the base /j* (g) f is (T — ^)(5i, 
and the condition that a commutes with multiplication by r is 

(T - e)QiC = C^^\t - d)Q2 

Dividing this equality by T — ^ we get that the map ao from Mi to M2 having the 
same matrix C in the bases /j*, commutes with r, i.e. defines an isomorphism from 
Ml to M2. □ 

Using Lemma 10.7.1 we can state the following 

^This notion was indicated me by Taguchi. 
Anderson proved (not published) that the tensor product of any abehan T-motives is also an 
abelian T-motive. 
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Definition. A virtual abelian T-motive is an object M (8) where M is an 
abelian T-motive and e Z, with the standard equivalence relation (here fxi > A*2): 

Ml ® = M2 ® M2 = Ml ® £®(mi-M2) 

<^ 3/1 such that + /xi > 0, /x + //2 > and Mi ® (^:^(^'+^'^) = M2 6:®^''+''^) 

Lemma 10.7.1 shows that these conditions are really equivalent. 

Corollary 10.7.2. The //-dual of a virtual abelian T-motive is well-defined and 
always exists as a virtual abelian T-motive. □ 

Proposition 10.8. The following formula is valid at the level of pre-T-motives: 
for any f^i, fx^, if Mi"', M^"^ exist then (Mi (g) M2)'^'''+'''^ exists and 

(Ml ^ M2)'^'"'^'"^^ = M[^' ® Mf ' 

Proof. This is a functorial equality; also we can check it by means of elementary 
matrix calculations. □ 

Proposition 10.9. Let P e A be an irreducible element. The Tate module 
Tp{M"') is equal to 

(equality of Galois modules) where Tp{M) is the dual Galois module. 

Proof. It is completely analogous to the proof of the corresponding theorem for 
tensor products ([G], Proposition 5.7.3, p. 157). All modules in the below proof 
will be the Galois modules, and equalities of modules will be equalities of Galois 
modules. Recall that E = E{M). Since Tp{M) — invlim„£^p«, it is sufficient to 
prove that for any a G A we have E{M'^)a = E{^®^)a ® Ea, where Ea is the 
dual of Ea in the meaning of [T], Definition 4.1. We have the following sequence of 
equalities of modules: 

M'^/aM'" = Homc^[T] (M/aM, C^'^/aC®^) (10.9.2) 

such that the action of r on both sides of this equality coincide (to define the action 
of T on the right and side of (10.9.2) we need the action of on M/aM; it is 
well-defined, because the determinant of the action of r on M is a power of T — 9, 
hence its image in CQo[T]/aCoo[T] is invertible). 10.9.2 follows immediately from 
the definition of M'^; 

{M'^/aM'y = HomF jT]((M/aM)^, (C^/^/aC®^)^) (10.9.3) 

This follows from 10.9.2 and the Lang's theorem 

m/am= (m/amy ® Coo[T]/aCoo[T] 

¥g[T]/a¥g[T] 

applied to both OJl = M, 9Jt = M"" (we use that both M, M'^ are free Coo[T]- 
modules). Finally, we have a formula 
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([G], p. 152, last line of the proof of Proposition 5.6.3). Applying this formula to 
10.9.3 we get the desired. □ 

11. An explicit formula. 

Here we restrist ourselves by the case = <(=^ N = m = 1. 

Let e*, A, Ai, I, n be from (1.9). We consider in the present section two simple 
types of abelian T-motives (called standard-1 and standard-2 abelian T-motives 
respectively) whose Ai have a row echelon form, and we give an explicit formula for 
the dual of some standard-1 abelian T-motives. Analogous formula can be easily 
obtained for more general types of abelian T-motives. These results are the first 
step of the problem of description of all abelian T-motives having duals. 

11.1. For the reader's convenience, we give here the definition of standard-1 
abelian T-motives for the case n = 2 (here Ai and A2 satisfying Ai = Z, Z > A2 > 2 
are parameters): 

Aq = 9E2, for < i < A2 Ai is arbitrary, 
^^^=(* ?)^forA2<z<Z A,= (j^ ly ^,= (J 0) 

11.2. To define standard-2 abelian T-motives of dimension n, we need to fix 

1. A permutation (f e Sn, i.e. a 1 - 1 map ip : (1, n) — >■ (1, n); 

2. A function : (1, n) — >■ Z""" where Z""" is the set of integers > 1. 

Definition. A standard-2 abelian T-motive of the type (</?, k) is an abelian 
T- motive of dimension n given by the formulas (z = 1, n): 

n fc(a)— 1 

Te^(i) = ^e^(i) + J2 ^jMi),c^ + (11.2.1) 

a=l j=l 

where 0^,(^(1), « G ^00 is the (<^(z), Q!)-th entry of the matrix Aj. 

Proposition 11.2.2. Formula 11.2.1 really defines an abelian T-motive denoted 
by M = M{(fi, k) = M{(p, k, o***)- Its rank is ^^=1 k{a) and elements X^j '■= t-'Cq,, 
a = l,...,n, j = 0, ...,k{a) — 1, form its Cq© [2^] -basis. □ 

The group Sn acts on the set of types {(p, k) and on the set of the above M; 
clearly for any t/j E Sn have '^(M) is isomorphic to M. Particularly, we can 
consider only ip of the following form of the product of i cycles (ckq = 0, ai = n): 

(fi = {ao + 1, ai)(ai -|- 1, a2)...(ai-i + 1, oji) (11.2.3) 

(standard notation of the theory of permutations, for 7 7^ aj we have (^(7) = 7-I- 1, 
for 7 = aj we have (fi{aj) = aj-i + 1). 

Example 11.2.4. Let ip be defined by 11.2.3, the quantity of cycles i is equal to 1 
and all a*** = 0. Then the corresponding M is of complete multiplication by a CM- 
field Fg.(T) and its CM-type $ is {Id, fr'^^^^ fr'=(^)+'=('\ fr'=(^)+'=(2)+-+'=("-^)} 
where fr is the Frobenuis homomorphism F^r Wq (see 13.3, first case: formulas 
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13.3.1, 13.3.2 coinside with 11.2.1 for the given (p and a*** = 0; ij of 13.3.0 is 
k{l) + k{2) + ... + k{j — 1) of the present notations). 

Definition 11.3. A standard-1 abehan T-motive is a standard-2 abehan T- 
motive whose is the identical permutation Id. 

11.3.0. Let M = M(Id, k) be a standard-1 abelian T-motive. Acting by ip ^ Sn 
we can consider only the case of non-increasing k{j). We introduce a number m > 1 
— the quantity of jumps of k{j), and two sequences 

= 70 < 71 < ... < 7„v = n 

(sequence of arguments of points of jumps of the function k) and 

= A,n+i < A„v < - < A2 < Ai = Z 
(sequence of values of k on segments [7^-1 -|- 1, 7^]) by the formulas 

k{l) = ... = /c(7i) = Ai 



kill + 1) = 
A;(7„,_i + 1) 



^(72) = A2 

= ^(7m) = \ 



(11.3.1) 



Example 11.3.2. The T-motive M of 11.1 is a standard-1 having m = 2, 71 = 1, 
72 = 2 and Ai, A2 as in 11.1. Its rank r = Ai -|- A2. 

Conjecture 11.3.3. A standard-2 abelian T-motive of the type (cp, k) (notations 
of 11.2.3) is pure iff Vj = 1, z we have: 

aj — dj-i n 

This conjecture is obviously true if all a*** are 0. 

To simplify exposition, we prove here only the following particular case of this 
conjecture. 

Proposition 11.3.4. Let M be a standard-1 abelian T-motive having m > 1, 
defined over Fq(6'), having a good reduction at a point of degree 1 of Fg(6') (i.e. a 
point 9 + c, c & ¥q). Then M is not pure. 

Proof. Let M be defined by 11.2.1, we use notations of 11.3.1. We consider the 
action of Frobenius on M — the reduction of M at ^ -|- c. According [G] , Theorem 
5.6.10, it is sufficient to prove that orders of the roots of the characteristic polyno- 
mial of Frobenius over A are not equal. More exactly, we consider the valuation 
infinity on A (defined by the condition ord(T) = — 1); the order corresponds to a 
continuation of this valuation to End(M). The action of Frobenius on M coincides 
with multiplication by r, because the degree of the reduction point is 1. 

A basis /* of Mc^[t] is the set of X^j := T^e^ of 11.2.2. The matrix Q{M) is 
defined by the following formulas for the action of r on X^j : 



T{X^j) = Xc,j+i if j < k{a) - 1 
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(11.3.4.1) 



m A^ — 1 75 

'^(^Q,fc(a)-l) = TXg^o - adacXcd 

5=1 (i=A5^i c=l 



(11.3.4.2) 



This means that if we arrange Xotj in lexicographic order (v^aui precedes to Xoi2j2 
if CKi < 0:2) then the matrix Q{M) has the block form: 

Q{M) = {Cij) {i,j = l,...,n) 

where Cy is a k{i) x /c(j)-matrix of the form 



Ci.i. — 



f 10 

1 



\T-0 * * 





1 

* 



Cij — 



^ 


V * 



where asterisks mean elements a^,** (in some order). Following N.N.Luzin, we shall 
call a lightning the set of entries of a matrix such that in each row and column of the 
matrix there is exactly one element of the lightning, and the value of a lightning is 
the product of its elements (i.e. the determinant is the alternating sum of the values 
of all lightnings). We consider the characteristic polynomial P{X) e (Coo[T'])[^] 
of g(M). We have 



Cii — XE, 



Hi) 



( 





\T-d 



-X 



* 





1 



* 



\ 


1 

-x) 



Lemma 11.3.4.3. If a non-zero lightning of Ca — contains the term 

T — 0^ then it does not contain any term containing X. □ 

Let J be a subset of the set 1, ...,n and J' its complement. 

Corollary 11.3.4.4. If a non-zero lightning of Q{M) —XEr contains terms T—9 
of blocks Cjj, j e J, then its value is a polynomial in X of degree < J2j'eJ' ^0'); 
and there exists exactly one such lightning (called the principal J-lightning) whose 
value is a polynomial in X of degree k{j'). □ 

Since the characteristic polynomial of Frobcnius of M is P (respectively the 
valuation infinity of Coo[r]), it is sufficient to prove that the Newton polygon of 
P{X) is not reduced to the segment ((0, — n); (r, 0)) defined by its extreme terms 
(T — 9)^ and X'^. To do it, it is sufficient to find a point on its Newton polygon 
which is below this segment. We consider Jmin = the set of all 7^ — 7m-i diagonal 
blocks Cii (i = 7m-i + 1, •■■,7m) of Q{M) of minimal size Xm- The value of the 
principal J^^iji-lightning is (T — Q^^rn-jm-i times polynomial in X of degree d := 
r — {'ym — lm-i)^m- CoroUary 11.3.4.4 implies that if the value of any other lightning 
of Q{M) — XEr contains a term whose X-degree is equal to d, then the T-degree 
of this term is strictly less than 7^ — 7m-i^ This means that if we write P{X) — 
YJi=QCiX\ d e Coo[r], then ordoo(Cd) = -(7m - 7m-i), i^e. the point with 
coordinates [—(7m — 1xa-i),d] belongs to the Newton diagram of P{X), i.e. it is 
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above (really, at) the Newton polygon of P{X). This point is below the segment 
((0,-n);(r,0)). □ 

Remark 11.3.4.5. It is easy to see that the Newton polygon of P{X) coincides 
with the Newton polygon of the direct sum of trivial Drinfeld modules of ranks A*, 
i.e. with the Newton polygon of the polynomial 

m 

11.4. To formulate the below theorem 11.5 we need some notations. Let M be 
a standard-1 abelian T- motive defined by formulas 11.2.1, 11.3.1. We impose the 
condition > 3. Theorem 11.5 affirms that it has dual. To find explicitly the 
dual of M, we need to choose an arbitrary function v : J^ihj) which is a 1 

- 1 map from the set of pairs such that 

l<i<n; l<j< k{i) - 2 (11.4.1) 
to the set [n + 1, r - n] (recall that r = Z]r=i ^(0 = Z]iLi(7i ~ 

Let the (r — n) x (r — n)-matriccs 5i, B2 be defined by the following formulas 
(here and until the end of the proof of 11.5 we have i, a = 1, ...,n; hf^^^ is the 
(75)-th entry of Bp, all entries of Si, B2 that are not in the below list are 0): 

11.4.2. hiia — — Ofc(i)-l,Q;,i; 

h,v{i,j),cx = -%-,a,i for 1 < j < k{i) - 2; 
h,v{i,j+i),u{i,3) = 1 for 1 < j < k{i) - 3; 

bi,i,^{i,k{i)-2) = 1; 

^2,!/(i,l),i = 1- 

We let B = OEr-n + Bit + B2t'^ and consider a T-motivc M{B) (see 11.5.1 
below). Formulas 11.4.2 mean that M{B) is standard-2, its ip = (ps a product 
of n cycles 

i ^ ^(i, 1) ^ ^(i, 2) ^ ... ^ k{i) - 2) ^ z 

and its k = ks is defined by the formulas A;_b(7) = 2 for 7 e [1, n], ksi^y) = 1 for 
7 e [n+ l,...,r-n]. 

Theorem 11.5. Let M be from 11.4 (i.e. a standard-1 abelian T-motive having 
Ant > 3). Then M' = M{B). 

Proof.^ Let e'^ — {e\, ...e^_^)* be the vector column of elements of a basis of 
M{B) over CoofT] satisfying 

Tel = Be', (11.5.1) 

Let us consider the set of pairs (j, t) such that either j = l,...,n, t = 0,1 or 
j = n + 1, r — n, t = 0. For each pair (j, t) of this set we let (as in [T], p. 580) 
= T^e'j. Formulas (11.4.2) show that these F** form a basis of M(S)c^[7-], 



This proof is a generalization of the corresponding proof of Taguchi; we keep his notations. 
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and the action of r on this basis is given by the following formulas (here j = 

i,...,k{i)-2y. 

r{Yi,o) = Fi.i (11.5.2.1) 

n 

t(F,,i) = (T - ^)F.(,,i),o + Yl "i7i^7,i (11.5.2.2) 

7=1 

n 

T(l^(ij),o) = iT- ^)^.(»j+i),o + Yl «^+i.7,i^7,i if j < k{i) - 2 (11.5.2.3) 

7=1 

n 

T(F,,(j,fc(i)_2),o) = (7" - 6')>^i,0 + Y «fc(i)-l,7,i^7,l (11.5.2.4) 

7=1 

Let X^^ be the dual basis to the basis X^^ of 11.2.2. 

11.5.3. Let us consider the following correspondence between X'^^ and F**: 

X'^j corresponds to Y"z/(ij),o for the pair like in (11.4.1), 

X'-Q corresponds to for 1 < z < n; 

X'. corresponds to Yio for 1 < i < n. 

Therefore, in order to prove the Theorem 11.5 we must check that matrices de- 
fined by the dual to (11.3.4.*) and by (11.5.2.*) satisfy (1.10.1) under identification 
(11.5.3). This is an elementary exercise. □ 

Remark 11.6. Clearly it is possible to generalize the Theorem 11.5 to a larger 
class of abelian T-motives — some subclass of standard-3 T-motives, see Definition 
11.8.1. The below example of the proof of Proposition 11.8.7 shows that probably 
the condition A^n > 3 of the Theorem 11.5 can be changed by > 2: it is necessary 
to modify slightly formulas 11.4.2. From another side, a standard-1 abelian T- 
motive of the Example 2.5 shows that this condition cannot be changed to Am > 1- 



11.7. An elementary transformation. To formulate the proposition 11.7.3, 
we change slightly notations in 1.9.1, namely, instead of A — Yl\=o ^^^^ consider 
polynomials Pk{M) of xi,...,Xn (k = 1, ...,n) defined by the formula 



I n 

Pfc(M) = ^5^a,fc,xf (11.7.1) 

i=0 3=1 

Particularly, if E is the T-module associated to M (see [G], 5.4.5), x* = 
element of E then 11.7.1 is equivalent to Tx* = P^{x^) where 
— {Pi{M), Pn{M)Y is the vector column. For a standard-1 abelian T- 
motive M (we use notations of 11.3.0) having m > 2 we denote vector columns 
q3i(M) = (Pi(M),...,P^,(M))*, ^2(M) = (P^,+i(M),...,P,,(M))*. We use simi- 
lar notations for M'. 

11.7.2. Let M be as above, we consider the case A2 = Ai — 1. Let C be a fixed 
7i X (72 — 7i)-matrix. We define a transformed T-motive Mi by the formulas 



^i(Mi)=^i(M) + C*P2(M)5 
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Pi(Mi) = Pi(M)forz>7i 



Proposition 11.7.3. For M, C, Mi of 11.7.2 the dual M[ of Mi is described 
by the following formulas: 

^2{M[) = ^2(M') - C*q3i(M')^ 

P,{M[) = P,{M') for i ^ [71 + 1, ...,72] 
Proof is similar to the proof of the Theorem 11.5, it is omitted. □ 

11.8. Non-pure T-motives. Most results of this subsection are conditional. 
We shall show that under some natural conjecture the condition of purity in 8.1.2 
and 8.1.4 is essential, and that for non-pure T-motives the notion of algebraic 
duality is richer than the notion of analytic duality. 

We generalize slightly the definition 11.2.1 as follows. Let y he a. linear ordering 
on the set [1, n], ip, k as in 11.2. 

Definition 11.8.1. A standard-3 abelian T-motive of the type {(fi,k, is an 
abelian T-motive of dimension n given by the formulas 

n k{j)-l 

Te^O) = ^e^(i) ^'.^W.^- ^^^i + I] ^fcO^^^WJ ^'"^'^^J + ^^^'^^^ {11.^.2) 

i=i 1=1 jyi 

where a*** £ Coo are coefficients (the only difference with 11.2.1 is the term 

Let Ml, M2 be two isomorphic standard-3 abelian T-motives of the same type 
{(p,k,>-) with Coo[T]-bases ei*, 62* respectively (we use notations of 11.8.2 for 
both Ml, M2). There exists C e Mn(Coo[T]) such that the formula defining an 
isomorphism between Mi and M2 is the following: 62* = Cei*. 

Conjecture 11.8.3. For generic Mi, M2 we have C e Mn{Coo)- 

This conjecture is based on calculations in some explicit cases: if we fix Mi and 
C e M„(Coo[t]), C ^ M„(Coo) then formula for the action of r on 62* is not a 
formula of the type 11.8.2 but something much more complicated. 

We denote by A^^i(r, n) the moduli space of uniformizable T-motives of the 
rank r and dimension n, by £(r, n) the moduli space of lattices of the rank r and 
dimension n and by 2 : A4u{r, n) — )■ C{r, n) the functor of lattice associated to an 
uniformizable T-motive. 

Proposition 11.8.5. Conjecture 11.8.3 implies that the dimension of the fibers 
of £ is > for r = 3, n = 2. Particularly, we cannot omit condition of purity in 
the statement of 8.1.2. 

Proof. We consider standard-3 abelian T-motives of the type n = 2, = Id, 
k{\) = 2, k{2) = 1, 2 :^ 1. Such Mi = Mi(aiii, aii2, 0121) is given by 
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(notations of Example 10.5). It has r = 3, it is not pure, hence it has no dual. A 
direct calculation shows immediately that for this Mi there exists only finitely many 
M2 of the same type such that 62* = Cei* where C G M„(Coo)- Conjecture 11.8.3 
implies that the dimension of the moduli space of these T-motives is 3 (because 
there are 3 coeflBcients am, 0112, 0121). Uniformizable T-motives form an open 
subset of this moduli space, while the moduli space of lattices of n = 2 and r = 3 
has dimension 2. □ 

Remark. Similar calculations are valid for any sufficiently large r, n. 

Standard-3 abelian T-motives of the above type have not dual. The following 
proposition shows that the same phenomenon holds for abelian T-motives having 
dual. We denote by M.u,d{f, n) the moduli space of uniformizable T-motives of the 
rank r and dimension n having dual, by Cd{r, n) the moduli space of lattices of the 
rank r and dimension n having dual, by £d : M.u,d{f^ n) —f Cd{r, n) the functor of 
lattice and by Dm ■ Mu,d{r, n) Mu,d{r, r-n), Dl: Cd{r, n) Cd{r, r - n) the 
functors of duality on T-motives and lattices respectively. Practically, Theorem 5 
means that the following diagram is commutative: 

Cd{r,n) ^ Cd{r,r-n) 

Proposition 11.8.7. Conjecture 11.8.3 implies that the dimension of the fibers 
of 2,d in the diagram (11.8.6) is > for r = 5, n = 2. 

Practically, this means that the notion of algebraic duality is "richer" than the 
notion of analytic duality. 

Proof. We consider standard-3 abelian T-motives of the type n — 2^ ip — Id, 
k{l) = 3, k{2) = 2, 2 ^ 1, r = 5. Such M is given by 

Ao = 9E,, A,= (^''' ^ii^y A,= jA, As=(l M 

V«121 0122/ V"221 1 y 0/ 

(notations of Example 10.5). It has dual. Really, we denote by Ai^j the j-th column 
of Ai, and we denote by (C1IC2) the matrix formed by union of columns Ci, C2. 
Then M' = M{B) is also a standard-3 T-motive, where 

/ -detA2 -a22i 1\ / 0\ 

Si= -det(AiH<2 1^2*2) -ai22 ,^2= -ali2 1 

\-det(AiH<i 1^2*2) -am 0/ \ 1 0/ 

The same arguments as in the proof of Proposition 11.8.5 show that the conjec- 
ture 11.8.3 implies that the dimension of the moduli space of these T-motives is 7, 
while the moduli space of lattices of n = 2 and r = 5 has dimension 6. □ 

As above, similar calculations are valid for any sufficiently large r, n; clearly the 
dimension of fibers of £,d becomes larger as r, n grow. 

Let us mention two open questions related to the functor Firstly, let L be a 
self-dual lattice such that L e £(A^y^d(2n, n)). This means that Dm '■ ii^^(i^) 
£^^(L) is defined. 
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Open question 11.8.8. What can we tell on this functor, for example, what 
is the dimension of its stable elements? 

Secondly, let us consider Mi, M2 of CM-type with CM-field Fqr-(T), see 13.3. 

Open question 11.8.9. Let the CM-types $1, $2 of the above Mi, M2 sat- 
isfy $1 CK$2, where a e Gal (Fgr(T)/Fq(T)). Are lattices L(Mi), L(M2) non- 
isomorphic? 

Clearly the negative answer to this question implies the negative answer to the 
Question 8.1.2. 

For any given Mi, M2 the answer can be easily found by computer calcula- 
tion. Really, let M be one of Mi, M2, ci, ...,c^ a basis of F^r/F^ and cki, ...,0;^ C 
Gal {¥qr{9)/¥q{e)) the CM-type of M. We define matrices M, N as follows: 
{M)ij = aj{ci) {ij = l,...,n), {Af)ij = aj(c^+i), j = l,...,n, i = l,...,r-n. 
The Siegel matrix Z{M) is obviously J\fAi~^. So, we can find explicitly Z{Mi), 
Z(M2) for both Mi, M2. To check whether Z(Mi), Z{M2) are equivalent or not, 
it is sufficient to find a solution to 3.8.1 such that the entries of A, B, C, D are in 
-^*,*(Fg) (this is obvious: the condition 37 G GLr{¥q[9]) is equivalent to the con- 
dition 37 G GLr(¥q), because entries of Z{Mi), Z{M2) are in F^r). The equation 
3.8.1 is linear with respect to A, S, C, -D, and we can check whether its solution 
satisfying det 7 7^ exists or not. 

For the case g = 2, r = 4, n = 2, CM-types of Mi, M2 are (/d, Fr), {Id.Fr"^) 
respectively, a calculation shows that the answer is positive: lattices L(Mi), L(M2) 
are not isomorphic. 

12. Abelian T-motives having multiplications. 

In this section we consider the case A = F^ [T] . Let .ft be a separable extension 
of Fq(T) such that ^ :— ^® Cqo is also a field, tt : X — )■ P^(Coo) the projection 

of curves over Cqo corresponding to Cqo (7") C ^c- Let .ft, X satisfy the condition: 
00 G X is the only point on X over 00 G P^(Coo)- Let A^ be the subring of .ft 
consisting of elements regular outside of infinity. We denote g = dim.ft/Fg(T) and 
CKi, CKp : .ft — >■ Coo — inclusions over t : ¥q{T) — >■ Cqo (recall that l{T) = 9). Let 
W be a central simple algebra over .ft of dimension q^. Each q;^ : .ft — > Cq© can be 
extended to a representation Xi - ^ ^ -^q(Coo)- 

12.1. Analytic CM-type. Let {L,V) be as in 2 (recaU that A = Fq[T]) 
such that there exists an inclusion i : W — >■ End'^(L, where End^(L, T^) = 
End(L, V) Fq(T). It defines a representation of W on V denoted by W which 

FJT] 

is isomorphic to J2i=i ^iXi where {ti} are some multiplicities (the CM-type of the 
action of W on (L, V)). [Proof: restriction of \1/ on .ft is a sum of one-dimensional 
representations, i.e. V — ®l^iVi where /c G .ft acts on Vi by multiplication by ai{k). 
Spaces Vi are invariant. We consider an isomorphism >V®^Coo = -^q(Coo) where 
the inclusion of .ft in Cqo is a^. We extend '^\vi to W ®^ Cqo by Coo-hnearity using 
the inclusion ai of .ft in Coo- It remains to show that a representation of Mq(Coo) 
is a direct sum of its q-dimensional standard representations. We consider the 
corresponding representation of Lie algebra 5tq(Coo)- It is a sum of irreducible rep- 
resentations. Let oj be the highest weight of any of these irreducible representations. 
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uj is extended uniquely to the set of diagonal matrices of Mq(Coo), because uj is iden- 
tical on scalars. Since our representation is not only of Lie algebra but of algebra 
Mq(Coo), we get that a; is a ring homomorphism Diag (Mq(Coo)) — ^ Coo- There 
exists the only such u corresponding to the q-dimensional standard representation] . 

Further, we denote m = dimw L (8) Fg(T) ((7, q, \&, tj, m are analogs of g, q, 
Ti, m oi [Sh63] respectively). Clearly we have 

g 

n = q^ti, r = mg<\^ (12.2) 

i=l 

By functoriality, we have the dual inclusion i' : W"^ — )■ End'^(L', V) where W"^ is 
the opposite algebra. 

Remark. A construction of Hilbert-Blumental modules ([A], 4.3, p. 498) practi- 
cally is a particular case of the present construction: for Hilbert-Blumental modules 
we have q = 1, i.e. = W, and all tj = 1. Anderson considers the case when 00 
splits completely; this difference with the present case is not essential. 

Proposition 12.3. If the dual pair (L', V) exists then the CM-type of the dual 
inclusion is {mq — tj}, ^ = 1, ■■■,g- 

Proof. We have L (g) Cqo is isomorphic to (W ® Cqo)"^ as a W-module. 

¥,[6] ¥,{6) 

Since the natural representation of W on W (X> Coo is isomorphic to q Y]^^, Xi we 
get that L (8) Cqo is isomorphic to mq X^f^i Xi as a W-module. Consideration of 
the exact sequence — >■ V* — > L Coo — > F — >■ gives us the desired. □ 

Remark 12.4.1. This result is an analog of the corresponding theorem in the 
number field case. We use notations of [Sh63], Section 2. Let A be an abelian 
variety having endomorphism algebra of type IV, and (r^,, Si,) — {r^{A)^ are 
from [Sh63], Section 2, (8). Then 

ry{A') = mq- ry{A) = s„{A), s„{A') ^ mq - Sy{A) = r„{A) 

By the way, Shimura writes that the CM-types of A and A' coincide ([Sh98], 6.3, 
second line below (5), case A of CM-type). We see that his affirmation is not 
natural: he considers the complex conjugate action of the endomorphism ring on 
A' . It is necessary to take into consideration this difference of notations comparing 
formulas of 12.3 and 13.2 with the corresponding formulas of Shimura. 

Remark 12.4.2. According [LI], an abelian Anderson T-motive M is an analog 
of an abelian variety A with multiplication by an imaginary quadratic field K. The 
above consideration shows that this analogy holds for M and A having more mul- 
tiplications. Really, if A has more multiplications then (we use notations of [Sh63], 
Section 2) Fq = FK, and numbers {r^j{A), Sij{A)) satisfy n{A) = Q X]i=i ^i^(^)' 
where (n(A),dim(A) — n{A)) is the signature of A treated as an abelian variety 
with multiplication by K. This is an analog of 12.2. 

12.5. Complete multiplication. Here we consider the case q = m = 1, i.e. 
A = W and g — r. 
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Lemma 12.5.1. In this case the condition N = imphes that the CM-type 



(12.5.2) 

1=1 

of the action of ^ on on (L, V) has the property: all are or 1. 

Proof. = means that the action of T G A on 1/ is simply multiplication by 
9. We write the CM-type Yll^i ^Xi the form Yl^=i Xon where cti, ctn G [1, r] 
are not necessarily distinct. Let l\ be an (only) element of a basis of L ^ over 
^ and ei, ...,e„ a basis of V over Cqo such that the action of on F is given by 
the formulas 

^(ei) = Xai(^)ei, /c e 

Multiplying by scalars if necessary, we can assume that l\ = ^e^. Therefore, 
if (Xi = OLj (i.e. not all in (12.5.2) are 0, 1) then the eQ,.-th coordinate of any 
element of L coincide with its e^^-th coordinate, hence L does not Coo-generate V 

— a contradiction. □ 

12.5.3. Let M be an abelian T-motive of rank r and dimension n having mul- 
tiplication by A^. Recall that we consider only the case N = 0. This means 
that the character of the action of on M/tM is isomorphic to X]i=i ^i^ti- Since 
E{M) = (M/tM)* we get that the character of the action of M on E{M) is the 
same. If 

aU Xi are or 1 (12.5.4) 

we shall use the terminology that M has the CM-type $ C {cti, ct^} where $ is 
defined by the condition G $ <^==^ ti = 1. 

It is easy to see that this case occurs for uniformizable M. Really, if M is 
uniformizable then the action of K can be prolonged on (L(M),y(M)), and the 
character of the action of ^ on V{M) coincides with the one on E{M). The result 
follows from Lemma 12.5.1. 

Lemma 12.5.5. There exists a canonical isomorphism 7 from the set of inclu- 
sions CKi, ...,ar to the set of points da^i •••iQar of X over 9 G P^(Coo). 

Proof. A point t E X over 9 G P^(Coo) defines a function (ft : ^ ^ -P^(Coo) 

— the value of an element / G treated as a function on X at the point t. This 
function must satisfy the standard axioms of valuation and the condition ft{T) — 9. 
Let ai be an inclusion of A to Coo over l. It defines a valuation (/Jq- : ^ -P^(Coo) 
by the formula (pai{k ® /) = ai{k)f{9), where k e ^, f e CooiT). We define 7(011) 
by the condition <fi-y(ai) = fai, it is easy to see that 7 is an isomorphism. □ 

Theorem 12.6. For any above {.ft, $} there exists an abelian T-motive (M, r) 
with complete multiplication by ^ having CM-type 

Proof (Drinfeld). We denote the divisor ^Q,.£$7(ai) by 9^. We construct a 
J^-sheaf F of dimension 1 over R which will give us M. Let fr be the Frobenius 
map on Pico(X). It is an algebraic map, and the fr — Id : Pico(X) Pico(X) is 
an algebraic map as well. Since the action of fr on the tangent space of Pico(^) 
at is the zero map, the action of fr — Id on the tangent space of Pico(X) at is 
the minus identical map and hence fr — Id is an isogeny of Pico{X). Particularly, 
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there exists a divisor D of degree on X such that we have the following equality 
in Pico(X): 

fr(L>) -D = -e^+noo (12.6.0) 

This means that if we let F = = 0{D) then there exists a rational map tx = 
Tx,* : F^^^ F such that 

Div(Tx) ^e^-noo (12.6.1) 

The pair (-F$,tx,$) is the desired J^-sheaf. 

Remark. It is easy to see that if the genus of X is > then different CM- 
types $1, $2 give us different sheaves -F$^, F^^, while if the genus of X is then 
= = ^7 but the maps Tx,$i, Tx,<i>2 are clearly different. 

Let Uq = X — {oo} be an open part of X. We denote F{Uo) by Ai, hence 
F^^\Uo) = Since the support of the negative part of the right hand side 

of 12.6.1 is {oo}, we get that the (a priory rational) map tx{Uo) : Ai^^^ Ai is 
really a map of A^-modules. 

Let M be a Coo[r]-module obtained from Ai by restriction of scalars from 
to Coo[r]. Construction F ^-^ M is functorial, and we denote this functor by S. 
Further, we denote by a the tautological isomorphism Ai — )■ M. M is a free 
r-dimensional Coo[7"]-niodule, and (because M^'^') is isomorphic to M) the same 
restriction of scalars of TxiUo) defines us a Coo[T']-skew map from M to M denoted 
by T (skew means that T{zm) = z'^r{m), z e Coo)- t is defined by the formula 
T(m) = a o T x{{,OL~^ {m))''^^) . 

It is easy to check that (M, r) is the required abelian T-motive. Really, M is a 
Aj:j-module, and r commutes with this multiplication. The fact that the positive 
part of the right hand side of 12.6.1 is means that 1.13.2 holds for M and that 
the CM- type of the action of A^ is 

Remark 12.6.2. It is easy to prove for this case that M is a free Coo[T]-module. 
Really, it is sufficient to prove (see [G], Lemma 12.4.10) that M is finitely generated 
as a Coo [t] -module. We choose D such that oo ^ Supp (-D). There exists P G 
such that tx{Uq) : Ai^'^^ — ;> is multipHcation by P (recall that both A^*^^\ Ai are 
Aj:j-submodules of 12.6.0 implies that — ordoo(-P) = n. There exists a number 
n\ such that 

(a) h^{X, 0{D + moo)) > 0; (b) for any /c > we have 

/i°(X, 0{D + (?ii + A;)oo)) = /i°(X, 0{D + nioo)) + k (12.6.3) 

hP{X, 0{D^^^ + (m + A;)oo)) = h^{X, 0{D^^^ + moo)) + k (12.6.4) 

It is sufficient to prove that if gi, Qk are elements of a basis of H^{X, 0{D + {ni + 
n)oo)), then for any Q E Ai the element a{Q) G M is generated by a((7i), Ci{gk) 
over Coo[t]. We prove it by induction by n2 := — ordoo(<5)- If ^2 <ni+n the result 
is trivial. If not then 12.6.3, 12.6.4 imply that the multiplication by P defines an 
isomorphism 

iy«(X, C»(D(^) + (n2 - n)oo)) /iy°(X, C»(D(^) + (m - n - l)oo)) ^ 

^ iy°(X, 0{D + n20o))/iy«(X, 0{D + (n2 - l)oo)) 
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This means that 3Qi e H^(X,0(D^^'i + (n2 - n)oo)), -ordoo(Qi) = n2 - n such 
that — ordoo(Q ~ PQi) < ^^2 — 1- An element Q[~^^ G M. exists; since a{Q) = 
T{a{Q[~^^)) + a{Q — PQi), the result follows by induction. □ 

If ^ and $ are given then the construction of the Theorem 12.6 defines F uniquely 

up to tensoring by 0{D) where D G Div(X(.^)). We denote the set of these F by 
$}), and we denote by M({i^, $}) the set $})). Further, we denote 

by $' = {«!, ar} — $ the complementary CM-type. 

Theorem 12.7. Let M G M({j^, $}). Then M' exists, and M' G M({j^, $'}). 
More exactly, if F G F{{^, $}) then F'^ ® V'^ G F{{^, $'}) where D is the 
different sheaf on X, and ff M = 5(F) then M' = 5{F-^ ® V'^). 

Proof. Let G be any invertible sheaf on X. We have a 

Lemma 12.7.0. There exists the canonical isomorphism (po '■ tt^{G~^ ^T>~^) 
Hompi(7r*(G'),C). 

Proof. At the level of afSne open sets <fG comes from the trace bilinear form of 
field extension ^/¥q{T). Concordance with glueing is obvious. □ 

We need the relative version of this lemma. Let Gi, G2 be invertible sheaves 
on X, p : Gi — > G2 any rational map. Obviously there exists a rational map 
: G^^ — > G^^- Recall that we denote by p*"'" : G2 ^ Gi the rational map 
which is inverse to p respectively the composition. The map tt^ 
rc^{G^'^ ^V~^) — > n^{G2^ ^T)'^) is obviously defined. The map (denoted by /9(p)) 
from Hompi (7r*(Gi), O) to }iompi{7v^,{G2), O) is defined as follows at the level of 
affine open sets: let 7 G Hompi (7rH<(G'i), 0){U) where U is a sufficiently small affine 
subset of PS such that we have a map -f{U) : 7r*(G'i)(t/) 0{U). Then {^{^)){U) 
is the composition map 7(^7) o 7r*(p*'^^)(C/): 

7r.(G2)(C/) MGim OiU) 

Lemma 12.7.1. The above maps form a commutative diagram: 

Hompi(7r*(Gi),C>) ^ Hompi (tt^Gs), O) □ 

We apply this lemma to the case {p : Gi ^ G2} = {tx,^ '■ F^^^ F}. We have: 

Div(T^^$ ® T>-^) = -Div(Tx,*) = -0^ + noo 

Futher, we multiply t^^$ ® V-^ hyT-e. We have: 

Div((T - d)Tx]^ ® V-^) = Div(T -d) + Div(T^^^^ V'^) = - (r - n)oo 

i.e. (T - e)T~'^^ ®V IS one of tx,$', i.e. F'^ ® V'^ G F({j^, $'}). Further, 
(T — 9)P{tx,^) is the map which is used in the definition of duality of M. This 
means that the lemma 12.7.1 implies the theorem. □ 
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Remark 12.8. There exists a simple proof of the second part of the Theorem 
5 for uniformizable abclian T-motives M with complete multiplication by C ^. 
Recall that this second part is the proof of 2.7 for M. Really, let us consider the 
diagram 2.5. The CM-types of action of ^ on Lie (M) and on E[M) coincide, and 
the CM-types of action of on a vector space and on its dual space coincide. This 
means that the CM-type of V* is $ and the CM-type of V' is Further, 7d of 
2.5 commutes with complete multiplication: this follows immediately for example 
from a description of 7d given in Remark 5.2.8. Really, all homomorphisms of 
5.2.9 commute with complete multiplication. For example, this condition for 6 of 
1.11.1 is written as follows: if A; e mfc(M), resp. mfc(M') is the map of complete 
multiplication by k of M, resp. M', then (mfc(M) i^Id)oS = (Id® mfc(M')) o6 — 
see any textbook on linear algebra. 

Finally, since $ fl = and the map ip' o o (p* commutes with complete 
multiplication, we get that it must be 0. 

13. Miscellaneous. 

Let now (L, V) be from 12.1, case q = m = 1, i.e. ^ = W and r = and let 
the ring of complete multiplication be the maximal order A^. We identify A and 
¥q[9] via 6, i.e. we consider ^ as an extension of ^q[0]. Let $ be the CM-type of 
the action of ^ on V. This means that — as an A^-module — L is isomorphic to / 
where / is an ideal of A^. The class of / in Cl(A^) is defined by L and $ uniquely; 
we denote it by C1(L, $). 

Remark. C1(L, $) depends on $, because the action of A^ on V depends on 
$. Really, let a E L C V, a = {ai,...,an) its coordinates, $ = {a^^, tti^} C 
{q!i, CKj.} and k e A^. Then ka has coordinates {ai^{k)ai, ...,ai^{k)an), i.e. 
depends de Particularly, the A^- module structure on L depends on and 
hence C1(L, depends on For example, if n = 1, r = 2, $1 = {cki}, = {0^2}, 
then C1(L, $2) is the conjugate of C1(L, $1). 

Theorem 13.1. C1(L', = (Cl(?)))-i(Cl(L, where V is the different 

ideal of the ring extension A^/¥q[9]. 

Proof. This theorem follows from the above results; nevertheless, I give here an 
explicit elementary proof. Let a* = (ai, ...,0^.)* be a basis (considered as a vector 
column) of ^ over ¥q{9) and 6* = (61, the dual basis. Recall that it satisfies 
2 properties: 



(2) For X G .ft let m^.a* (resp vn.x,b^) be the matrix of multiplication by x in the 
basis a* (resp. 6*). Then for all a; e ^ we have 



r 



(1) Wiy^j Q;i(a*)*Q;j(6*) = (i.e. y^^ai{ak)aj{bk) = 0) 



(13.1.1) 




(13.1.2) 




basis 6* = {bi 




6* = 



(13.1.3) 
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(explicit formula: (bi, br) = (bn+i, br, -bi, 

We can assume that $ = {cti, a^}. Since L has multiplication by and the 
CM- type of this multiplication is it is possible to choose a* such that L C 
is generated over ¥q[9] by ei, e^. where 

Bi = {ai{ai),...,an{ai)) (13.1.4) 

Let L C be generated over Wq[9] by ei, e^- where 

Ci = (an+iibi), ...,aribi)) 

Lemma 13.1.6. L' — L. 

Proof. Let A (resp. B) be a matrix whose lines are the lines of coordinates 
of ei, Cn (resp. e^+i, Cj.) in 13.1.4, and C (resp. D) a matrix whose lines are 
the lines of coordinates of ei, e^-n (resp. ir-n+i, 6^) in 13.1.5. By definition 
of Siegel matrix, we have L = £,{BA~^), L = £,{DC~^). So, it is sufficient to 
prove that {BA-'^Y = DC'^, i.e. A^D = B^C. This follows immediately from the 
definition of A, B, C, D and (13.1.1). □ 

For X G we denote by Wlx{L) the matrix of multiplication by x in the basis 
e* (see the notations of Remark 3.8). Obviously VJUxiL) = nix,a,- 

Let now A^ acts on C^"^ (the ambient space of L') by CM-type According 
(13.1.2) and (13.1.3), the matrix of the action of a; e A^ in the basis 6* is 

^n,r-nlTla;,a« ^n,r-n (13.1.7) 

Let 9K, dJl' be from Remark 3.8. Formula 3.8.4 shows that 

Tl' = en,r-n^'e-i._^ (13.1.8) 

Formulas (13.1.7) and (13.1.8) — because of Lemma 1.10.3 — prove the theorem. 

□ 

13.2. Compatibility with the weak form of the main theorem of com- 
plete multiplication. 

The reader can think that Theorem 13.1 is incompatible with the main theorem 
of complex multiplication, because of the —1-th power in its statement. The reason 
is a bad choice of notations of Shimura, he affirms that the CM-type of an abelian 
variety A over a number field coincides with the CM-typc of A', while we see that 
it is really the complement. Since even an analog of the weak form of the main 
theorem of complex multiplication — Theorem 13.2.6 — for the functional field 
case is not proved yet, the main result of the present section — Theorem 13.2.8 — 
is conditional: it affirms that if this weak form of the main theorem — Conjecture 
13.2.7 — is true for an abelian T-motive with complete multiplication M, then it 
is true for M' as well. By the way, even if it will turn out that the statement of the 
Conjecture 13.2.7 is not correct, the proof of 13.2.8 will not be affected, because the 
main ingredient of the proof is the formula 13.2.10 "neutralizing" the —1-th power 
of the Theorem 13.1. 

Let us recall some definitions of [Sh71], Section 5.5. We consider an abelian 
variety A = C^/L with complex multiplication by K. The set Hom(i^, Q) consists 
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(13.1.5) 



of n pairs of mutually conjugate inclusions (fi^, <fin}- ^ is a subset of the 

set Hom(ii', Q) such that Vz = 1, n we have: 

$ n {ifi, cpi} consists of one element. (13.2.1) 

It is defined by the condition that the action of complex multiplication of K on 
is isomorphic to the direct sum of the elements of Let F be the Galois envelope 
oiK/Q, 

G := Gal (F/Q), H := Gal (F/K), S := [j Ha (13.2.2) 

(the elements of Galois group act on x E F from the right, i.e. by the formula 
= (x")^; for CK e $ we denote by a also a representative in G of the coset a). 
We denote 

ii-^e/ ._ 1^ ^ Q^g^ ^ 5| (13.2.3) 
and let K^^-^ be the subfield of F corresponding to W^^^ . We have: 

^re/^-l ^ ^-1 (13.2.4) 

i.e. is an union of cosets of H'^^^ in G. We can identify these cosets with 

elements of Hom(K'''^-^, Q). c Hom(i^'~^'^, Q) is, by definition, the set of these 

cosets. There is a map det*^'^-^ : K'"'^ ^ K"" defined as follows: 

det^''^f{x) := Yl Oi{x) (13.2.5) 

(it follows easily from the above formulas and definitions that det$'~^^(a;) really 
belongs to K^). It can be extended to the group of ideles and factorized to the 
group of classes of ideals, we denote this map by detci ^^'^■^ : Cl{K'^'^^) — > Cl(i^). 
Finally, let O'^^f : Gal {K^'^'f HUbj^ref-^ _^ C1(K^^-^) be an isomorphism defined by 
the Artin reciprocity law. 

We consider the case End (A) = Ok- In this case L is isomorphic to an ideal 
of Ok, its class is well-defined by the class of isomorphism of we denote it by 
Cl(^). 

Theorem 13.2.6. A is defined over K'^^f 
For any 7 G Gal {K''''f HUb^j^ref^ ^^^^ 

C1(7(A)) = detci ^"^""f o ^'^^^(7)-i(Cl(yl)). □ 

This is a weak form of [SH71], Theorem 5.15 — the main theorem of complex 
multiplication. 

Now we define analogous objects for the functional field case in order to formulate 
a conjectural analog of Theorem 13.2.6. Let $ be from 12.5.3. ^'^'^•^ , 
det ^'"^■^ are defined by the same formulas 13.2.2 - 13.2.5 like in the number field 
case (Q must be replaced by ¥q{T)). The facts that 13.2.1 has no meaning in the 
functional field case and that the order of S is not necessarily the half of the order 
of G do not affect the definitions. 

The 00-Hilbert class field of ^ (denoted by ^^'^^ °°) is an abelian extension of 
^ corresponding to the subgroup 

■^^o- n ^k-^* 

v^oo 
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of the idele group of We have an isomorphism 9 : Gal {^^'^''^ °°/^) C1(A_^). 

We formulate the functional field analog of Theorem 13.2.6 only for the case 
when 

(*) There exists only one point over oo e P^{¥q) in the extension W^-^ /¥q{T). 

In this case the field ^'^'^^ ^^^^ °° and the ring A^re/ are naturally defined, and 
we have an isomorphism 6'^''^ : Gal {iV^'f "'^^ ^/^^^f) Cl(A^.c/). 

Let M be an uniformizable abelian T-motive of rank r and dimension n having 
complete multiplication by A^, and $ its CM-type. C1(M) is defined like G\{A) in 
the number field case, it is G1(L, $) of 13.1. 

Conjecture 13.2.7. If (*) holds, then M is defined over R'^^i and for 

any 7 e Gal {^"-^^ ^'^^ we have C1(7(M)) = detc/ ^^•'•^ o^'"e/(7)-iCl(M). 

Now we can formulate the main theorem of this section. 

Theorem 13.2.8. If conjecture 13.2.7 is true for M then it is true for M' . 

Proof. It follows immediately from the functional analogs of 13.2.2 - 13.2.4 that 

(j^, ^'Y^f = (j^'-^/, ($'^^^)') (13.2.9) 

Further, 

detci*"^^^ = (detc/*'^''^)"^ (13.2.10) 
Really, det $^^-^(x) • det($''«-^)'(x) = N^r 

<=f /¥q{T){x) ^ ^q{T)^, hence gives the 
trivial class of ideals (we use here (13.2.9). Finally, for 7 e Gal {^^'^■f^) we have 

(7(M))' = 7(M0 (13.2.11) 

The theorem follows immediately from 13.1, 13.2.10, 13.2.11 (recaU that C1(M) is 
C1(L,$) of 13.1). □ 

13.3. Some explicit formulas. We give here an elementary explicit proof of 
the theorem 12.7 in two simple cases: ^ = ¥qr(T) and Fg(T^/^). By the way, since 
the extension Wqr-(T)/¥q{T) is not absolutely irreducible, formally this case is not 
covered by the theorem 12.7. 

Case A^ = Fgr[T]. Let a^, where i = 0, ...,r — 1, be inclusions ^ Coo- For 
oj G ¥qr we have ai{uj) = uj'^ . Let 

0<H <Z2 < - <^n <r--l (13.3.0) 

be numbers such that $ = {ai^ }, j = 1, ...,n. We consider the following T-motive 

M = M(.^, $). Let ei, ...,6^ be a basis of Mc^[t] such that m^^iej) — uj'^ ^ Cj and 
the multiplication by T is defined by formulas 

Tei = eei + r'^-'^+^en (13.3.1) 

Tej = Oej + r'^-'^-'ej-i, j = 2, n (13.3.2) 
It is easy to check that M has complete multiplication by A^, and its CM-type 

is 
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Remark. It is possible to prove that M{M., ^») is the only T-motive having these 
properties; we omit the proof. 

Proposition 13.3.3. For = ¥qr[T] we have: M{^,^y = M{^,^'). 

Proof. Elements r^Ck for k = 1, ...,n, j = 0, ...,ik+i — Zfe — 1 for /c < n and 

j = 0, ii — in + r — 1 for k = n form a basis of Mc^^t]- Let us arrange these 
elements in the lexicographic order {r^^Ck^ precedes to r^^Ck^ if ki < ^2) and make 
a cyclic shift of them by ii denoting ei by /i^+i, T*2~*i~^ei by fi^ etc. until 
^ii-i„+r-ig^ = fi^. Formulas 13.3.1, 13.3.2 become 

'T{fi) = fi+i if i^ih, •••,*n} 

^(/x) = (T - 0)fi+i if i G {ii, in} 
{i mod r, i.e. fr+i — fi)- Formula 1.10.1 shows that in the dual basis we have 

= Hi e {ii,...,in} 

r{n) = {T-e)fi+, iii^{ii,...,in} 

which proves the proposition. □ 

Case = Fg[T^/^], (r, g) = 1. In order to define M(.^, $) we need more 
notations. We denote 0^/^ and T^/^ by s and S respectively, and let Cr be a 
primitive r-th root of 1. Let a^, ii < Z2 < ... < in and $ be the same as in 
the case = Fgr-[T]. We have ai{S) — QS. Further, we consider an overring 
Coo [5', '?'] of Coo[T, t] {S is in the center of this ring), and wc consider the category 
of modules over Coo['S', r] such that the condition 1.9.2 is changed by a weakened 
condition 13.3.4 (here As,o G Mn(Coo) is defined by the formula 5'e* = ^se*, where 
As e M,(Coo)[t], As = EUoMi^')- 

A^s,o = 0En + N (13.3.4) 

Let M be a Coo [-S", r] -module such that dimM^^j^] — 1, fi the only element of a 
basis of Mcoo[S] 

Th = {S-Q's)-...-{S-Q-5)h 

By definition, M = M{^, $) is the restriction of scalars from Coo['S', r] to Coo [7", t] 
of M. Like in the case A^ = Fgr.[T], it is easy to check that M has complete 
multiplication by A^^ with CM-type and it is possible to prove that it is the only 
T-motive having these properties. 

Proposition 13.3.5. For A^ = FjT^/^], (r, g) = 1 we have: M(i^, $)' = 
M(^, $')• 

Proof. For i = 1, ...,r we denote fi = S^~^fi. These = /*($) form a basis of 
Mc^[T], and the matrix Q — Q{f^, $) of multiplication of r in this basis has the 
following description. We denote by cr^($) the elementary symmetric polynomial 

afe(CS...,C")- 

The first line of Q is 

a„($)5" an_i($)5"-i ... aii^)s 1 ... 
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and its i-ih line is obtained from the first line by 2 operations: 

1. Cyclic shift of elements of the first line by i — 1 positions to the right; 

2. Multiplication of the first i + n — r elements of the obtained line by T. 

We consider another basis — of Mc^jj-j obtained by inversion of order 

of fi, i.e. Qi — fr+i-i- The elements of Q{g*) are obtained by reflection of positions 
of elements of Q{f*) respectively the center of the matrix. 

The theorem for the present case follows from the formula 

whose proof is an elementary exercise: let = {ji, ...,jr-n}', we apply equality 

dkixi, ...Xr) = ^ai{Xi^,...,XiJ(7k-l{Xj^,...,Xj^_J 

I 

toi,Cr,...,cr'- □ 

13.4. Reduction. Let K be a finite extension of Fq(6'), p a valuation of K 
over a valuation P of ^q{0). We consider the case P ^ oo, i.e. P is an irreducible 
polynomial in Fq[^]. Let M be an abelian T-motive defined over K having dual 
such that both M, M' have good ordinary reduction at p. We denote reductions by 
tilde. We shall identify A and ^q[9] via l. Let Mp^o be the kernel of the reduction 
map Mp Mp. 

Conjecture 13.4.1. For the above M, M' we have: 

1. Mp,o = (A/P)-; 

2. Mp^Q and M'pQ are mutually dual with respect to the pairing of Remarks 4.2, 
5.1.2. 

Proof for a particular case: M is a Drinfeld module, P = 9. 
(1.9.1) for M has a form 

Te = 9e + aire + ...ar-iT^~^e + r^e 



Condition of good ordinary reduction means G ^q{9), ordp(ai) > 0, ordpOi = 0. 
Let X e Mt, y e M^; we can consider x (resp. y) as an element of Coo (resp. 
C^-*^) satisfying some polynomial equation(s). Considering Newton polygon of 
these polynomials we get immediately (1) for both M, M' . Let y = [yi, ...,yr-i) 
be the coordinates of y; explicit formula (5.3.5) for the present case has the form 

<x,y >M= S(a;y^_i + x'^yi + x'^ y2 + ... + x" yr-i) 

The same consideration of the Newton polygon of the above polynomials shows that 
for X G Mpo, y G we have ordpX, ordpy^ > 1/(^ — 1). Since ordpS = —l/{q — l) 

we get that ordp(< x,y >m) > and hence (because < x,y >mG F^) we have 
< x,y >M= 0. Dimensions of Mp^o, M'p^ are complementary, hence they are 
mutually dual. □ 

Remark. Analogous explicit proof exists for any standard-2 M of Section 11.1. 
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